CHAPTER-8
EXTENSION OF LYAPUNOV THEORY TO FIVE POINT
BOUNDARY VALUE PROBLEMS FOR THIRD
ORDER DIFFERENTIAL EQUATIONS

Section 8.1.
The importance of boundary value problems and their occurrence in many
physical problems are well known. In this chapter the problem of existence
and uniqueness of solutions of five point boundary value problems for the third
order differential equation
y'" = f{x, y, y,y”)

(8.1.1)

is studied. Here / is assumed to be continuous on [a, c] x R3 and solutions
to initial value problems associated with (8.1.1) exist, are unique, and extend
throughout [a, c].
The technique of matching solutions, which is familiar in singular perturba
tion theory, is first utilized by Baily etc. 5] to study existence and uniqueness
criteria of solutions of two point boundary value problems associated with sec
ond order non-linear differential equations. Barr and Sherman [9] extended the
idea of matching solutions to three point boundary value problems associated
with third order differential equations w.th a monotonicity restriction on /.
Several authors [[7], [9], [20], [43], [44], [60], [83]] used matching technique
of solutions to obtain existence and uniqueness of solutions to three point
boundary value problems associated with ntn(n > 3) order non-linear differen
tial equations. Moreover, existence and uniqueness criteria for boundary value
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problems are studied [82] by using Lyapunov functions, which are well known
in stability theory.
The approach taken here is similar to that of Barr and Sherman [9] and
Rao, Murty and Murty [82] and is based on the use of a solution match
ing technique and suitable ‘Lyapunov-like’ function defined later. Recently,
Henderson and Tisdel [44] obtained existence and uniqueness of solutions of
five point boundary value problems associated with (8.1.1), with the following
monotonicity assumption on / :
For all w E R,
f(x.vi,v2,w) > /(x,ui,ii2,uj),
(i) when x G (a, b], u\ > V\ and v2 > u2, or
(ii) when x G [6, c), u\ < v\ and v2> u2.
In this chapter we replace this monotonicity condition by an appropriate
‘Lyapunov-like’ function and establish existence and uniqueness of solutions of
five point boundary value problems.
Section 8.2 yields criteria under which solutions of (8.1.1) which satisfy
boundary conditions at three points may be matched to obtain a unique solu
tion of (8.1.1) satisfying boundary conditions at five points.
In section 8.3 with the help of a suitable ‘Lyapunov-like’ function we obtain
at most one solution tc the following three point boundary value problems
(8.1.1) satisfying
y(a)-y(xi) = yu y(b) = y2, y{l\b) = m (i.= 1, 2)

(8.1.2*)

and
y(b) = 2/2, y{l)\b) = m, y(x2)—y(c) =
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2/3

(* = 1,2).

(8.1.3*)

Further, with the added hypothesis that solutions exist for the problems (8.1.1)
satisfying (8.1.2;) and (8.1.3;) a unique solution to the five point boundary
value problem (8.1.1) satisfying

y(a) - y(xi) = yu y(b) = 2/2, y(x2) - y(c) = y3

(8.1.4)

is constructed.
Section 8.2.
In this section the following theorem illustrates'how the solutions of two
three point boundary value problems are matched to obtain a unique solution
to the five point boundary value problem.
Theorem 8.2.1. Let yi,y2,y3,b e R with a<x\<b<x2<c and suppose
that
(i) for each me R there exist solutions of (8.1.1) satisfying (8.1.2;) or (8.1.3;)
(i = 1, 2),
(ii) for each me R and each t there exists at most one solution of each of the
following boundary value problems ;

y(a) - y(xi) = 2/1, y{b) = y2, y"{t) = m, where t e (a, b],
y'" — f{x->y->y'-,y”),
y(b) = 2/2, /(f) = m, y(x2) - y(c) = y3, where t e [6, c).
Then there exists a unique solution to the boundary value problem (8.1.1)
satisfying (8.1.4).
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Proof. Let yi(x,m) denote a solution of (8.1.1) satisfying (8.1.22) with second
derivative m at x = b.
First, we show that y[(b, m) is an increasing function of m. By hypothesis,
if m2> mi, then
y'{{bym2) > y"(b,mx).
Define w(x) = yi(x,m2) — yi(x,mx). By hypothesis
w(a) — w(xi) = 0, w(b) = 0 and w"(b) > 0.
Further, it is claimed that w"(x) > 0, for all x G (a, 6]. Suppose to the contrary
there exists a point p G (a, 6) such .that w"(p) < 0. Since w"{x) is continuous,
there exists a point q G [p, b) such that w"(q) = 0. This implies that
y'({q,m2) =y'{{q,m1) = k,
which is a contradiction to our hypothesis (ii). Since w(a) = w(xx), there
exists a point r G (a, xx) such that w'(r) = 0. This together with the above
claim, implies
w'{x) > 0, for all x G (r, b].
In particular w'(b) > 0, hence ^((6, rn) is a strictly increasing function of m.
Let y2{x,m) denote a solution of (8.1.1) satisfying (8.1.32) with second
derivative m at x = b. In a similar way it can be shown that y'2{b,m) is a
strictly decreasing function of m.
Now it is claimed that y[(b,m) has no jump discontinuities as a function
of m. Suppose to the contrary y[(b,m) has a jump discontinuity at m = mi
such that
i) = P and y[(b,mt) = 7.
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By monotonicity of y[(b, m) in m it follows that a < (3 < 7, a < 7. Let k be
a real number different from f3 (i.e k ^ (3) and 9{x) be a solution of (8.1.1)
satisfying
y{a) - y(xi) = yx, y(b)=y2, y'{b) = k.
It follows that 9"(b) exists and 9"(b) = p. For p = m 1, yi(x,p) = 9{x) which
leads to a contradiction. Similarly y'2(b, m) has no jump discontinuities.
Now we show that y'^b,.) : R
Let

zq

R.

€ R, the boundary value problem (8.1.1) satisfying
y(a) - y(xi) = yu y(b) = y2, y'(b) =

has a solution </>. Let </>"(&) = q, then yi(x, q) = cj)(x) implies y[(b, q) = <f/(b) =
z0- Similarly y2(b,.) also maps from R onto R.
Thus both y[(b, m) and y2(b, m) are continuous strictly monotonic functions
of m whose ranges are the set of all real numbers. By defining Y\b, m) =
y[(b,m) - y2(b,m), we have
Y'(b,m) —» 00

as

Y'{b,m) —> —00

as

m —> +00,
m

—00.

Then there exists a mo G R such that yj(o, m0) = y2(b, m0). By definition
of yi{x,mo) and y2(x,m0), we have yi(b,m0) = y2{b,m0) and y"(b,md) =
y'^b^mo). Thus y(x) defined by

y{%)

yi(x,mo),

a < x <b

y2(x,m0),

b<x<c

is a solution of (8.1.1) satisfying (8.1.4).
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To establish uniqueness, suppose that yi(x) and

7/2(2)

are two distinct

solutions of (8.1.1) satisfying (8.1.4). Let w\x) = yi(x) — 7/2(2), then
w{a)—w{x 1) = 0, w{b) — 0, w{x2) — w(c) = 0.
By application of Rolle’s theorem, there exists a point pi €. (a, x\) and a point
P2 £ (22, c) such that
w'(Pi) = 0. w'(p2) = 0.
Again applying Rolle’s theorem, there exists a point p3 E (^1,^2) such that
w"(ps) = 0, i.e. y'i (p3) — 7/0(593) which is a contradiction to-hypothesis-(ii).
Here the matching of solutions in hypothesis (i) was accomplished by de
pending on hypothesis (ii) which is about uniqueness of solutions of four point
boundary value problems. Hence it is preferable to match solutions of three
point boundary value problems without the help of a hypothesis involving four
point boundary value problems. This was achieved in the next section with
the use of ‘Lyapunov-like’ function.
Section 8.3.
In this section we define the Lyapunov function and establish Lemmas
which are useful for proving our main theorem regarding existence and unique
ness of solutions of five point boundary value problems.
Suppose

7/1

and

7/2

are solutions of (8.1.1) satisfying (8.1.2*) or (8.1.3*)

(i—1, 2). Write y = yi — t/2. Then
li" = F(x,y,y',y") = f(x,y+y2,y,+y2,y"+y,2)-f{x,y2,y2,y%)

(8.3.1)

F(x, 0,0,0) = 0.

(8.3.2)

and
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Then the boundary conditions (8.1.2*) and (8.1.3*) (i=l, 2) respectively
become
y(a) - y(xi) = 0, y{b) = 0, y{l)(b) = 0 (i = 1,2)

(8.3.3*)

and
y(b) = 0, y(l){b) = 0, y{x2) - y(c) = 0 (i = 1,2).

(8.3.4*)

Hence y{x) = 0 is a solution of (8.3.1) satisfying (8.3.3*) or (8.3.4*) (i = 1,2).
Thus we have- proved the following.

-

~ -

‘

Lemma 8.3.1. The problem (8.1.1) satisfying (8.1.2*) or (8.1.3*) (i = 1,2)
has a unique solution if and only if y(x) = 0 is the only solution of (8.3.1)
satisfying (8.3.3*) or (8.3.4*) (i — 1,2).
Definition 8.3.1. A Lyapunov function V(x, y, y', y") is a continuous locally
Lipschitzian real valued fimction with respect to {y, y',y"). Corresponding to
V(x,y,y',y") we define
V}(x, y, y', y") = lim inf hv{x + h,y + hy\ y + hy", y" + hf)-V(x, y, y\ y")\
1
h—*0+
h
V'ix^y.y^y") = lim inf\\y{x+h,y{x+h),y'(x+h),y"{x+h))-V{x,y,y',y")\
^-►0+
h
where / is a function defined and continuous on a domain M = [a, c] x N,
where [a, c] is a interval on the real fine and N C i?3. Choose M = Mi U M2,
where Mi = [a, b\ x N and M2 = [b, c] x N.
Lemma 8.3.2. If V(x, y, y', y") is a Lyapunov function and y(x) is a solution of
(8.1.1) then V'(x, y, ?/, y") = Vj(x, y, y', y") and V (x, y, ?/, if) is non-increasing
(non-decreasing) if and only if Vj{x, y, y', y") < 0 (Vj(x, y, y\ y") > 0).
Proof. Analogous to the proof of Yoshizawa [ p.4 of [86] ].
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Lemma 8.3.3. For F defined in (8.3.1), if there exists a Lyapunov function
V(x,y,y' ,y") defined on Mi such that
(i) Y(x,y,y,,y") = G if y = 0,
(ii) V(x, y, y', y") > 0 if y ^ 0,
(iii) Vp(x,y,y',y") > 0 in the interior of M\.
Then for each m £ R, there exists at most one solution to the three point
boundary value problems (8.1.1) satisfying (8.1.2*) (i = 1,2).
Proof. The proof of the problem (8.1.1) satisfying (8.1.22) will be given. A
similar proof holds Tot the other boundary value problem. Suppose yi(x) and
1/2fy)

are two distinct solutions of (8.1.1) satisfying (8.1.22). Write w(x) =

Vi(x) - y2(x). Then
w'!! = F(x,w, wr, w,!),

(8.3.5)

w(a) — w(xi) = 0, w(b) = 0, w"(b) = 0,

(8.3.6)

where F(x, 0,0,0) = 0. From Lemma 8.3.1 it suffices to show that w(x) = 0
is the only solution of the boundary value problem (8.3.5) satisfying (8.3.6).
Suppose <f>(x) is a non-trivia! solution of the problem (8.3.5) satisfying (8.3.6),
then there exists a r) € (a, 6) such that cb(r)) ^ 0. Hence

v%i(n)A'(n)A"in))>^

(8.3.7).

Since Vp(x, y, y', y") > 0 in the interior of ilfy and from Lemma 8.3.2 it follows
that V(x,y,y',y") is non-decreasing along the solution cf>(x) . Thus rj < b
implies

v(rt, m, tin), tf'W) < V{b, <f,(b)A'(l>)A"(l>)) = 0.

(8.3.8)

Thus (8.3.7) and (8.3.8) contradict each other and hence y\{x) = y2{x).
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Lemma 8.3.4. For F defined in (8.3.1), if there exists a Lyapunov function
V(x,y,y',y") defined on M2 such that
(i) V{x,y,y’,y") = 0 if y = 0,
(ii) V(x, y, y1, y") > 0 if y ± 0,
(iii) Vf(x,y,y',yf>) < 0 in the interior of M2.
Then for each m € R, there exists at most one solution to the three point
boundary value problems (8.1.1) satisfying (8.1.3*) (i = 1,2).
Proof. Analogous to the proof of Lemma 8.3.3.
Theorem 8.3.17 Let y:, iy2, Vs, & € R with a < x\ < b < x2 < c. Suppose that
(i) for each m £ R there exist solutions of (8.1.1) satisfying (8.1.2*) or
(8.1.3*) (*=1,2),
(ii) V(x, y, y',y") is a Lyapunov function as in Lemmas 8.3.3 and 8.3.4.
Then there exists at most one solution to the boundary value problem (8.1.1)
satisfying (8.1.4).
Proof. From Lemmas 8.3.3 and 8.3.4 the solutions of (8.1.1) satisfying (8.1.2*)
or (8.1.3*) (* = 1,2) are unique.
Let yi(x,m) denote the solution of (8.1.1) satisfying (8.1.22) with second
derivative m at x = b. By hypothesis, if m2 > mi, then
y"(b,m2) > y'ifami).
Let w(x) = yi(x,m2) - yi{x,m\), since w"(x) is continuous and w"(b) > 0,
either
(1) w"(x) > 0, for all 2; € [a, 6], .
(2) w"(a) = 0 and w"(x) > 0, for all x £ (a, b]
or
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(3) there exists a point q E (a, b) such that w"(q)

=

0 and w"(x)

>

0,

for all x E (q, 6] holds.
First, we show that in all the above three cases there exists a point p E {a, b)
such that w'(x) > 0, for all x E (p, 6].
Suppose (1) or (2) holds. Since w(a) = w(xi) there exists a point p E (a, X\)
such that
w'(p) = 0.
Here w'satisfies'w"1 = F(x,iv, it/, w"). Since (1)

(8.3.9)
Or

(2)'holds arid'(8.3.9) implies

w\x) > 0, for all x E (p, b].
Suppose (3) holds.
Claim. There exists a point p E [q, b) such that w'(p) > 0 and from (3) it
follows that
wr(x) > 0, for all x E (p, b].
Suppose to the contrary
w*(x) < 0,

for all x E [g,b).

(8.3.10)

Since w(b) = 0 implies w(q) > 0. Hence
V{q,V}(q),w'{q),w"{q)) > 0.

(8.3.11)

Since Vp(x, y, y', y") > 0 in the interior of Mi and from Lemma 8.3.2 it follows
that V(x,y,y',y") is non-decreasing along w(x). Since q < b imphes
V(q,w(q),w'(q),w:'(q)) < V(b,w(b),w'(b),w"(b)) = 0.
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(8.3.12)

Thus (8.3.11) and (8.3.12) contradict each other. Hence
w'(x) > 0, for all x E (p, b].
In particular, in all the three cases w’(b) > 0, therefore y\(b, to) is a strictly
increasing function of to.
Let y2(x, m) denote a solution of (8.1.1) satisfying (8.1.32). A similar proof
to the above shows that y2(b,m) is a strictly decreasing function of m.
Claim. y[(b,.) : R c4° R.
..Let u0 E R. The boundary value problem
v'" = f(x,y,y’..y"),
y{a) - y{xi) = yu y(b) = y2, y'{b) = u0,
has a unique solution ib- Let 4>"(b) = m. Hence ^ is a solution of (8.1.1)
satisfying (8.1.22). But this problem has a unique solution. Therefore ip =
yi(.,m) and so y[(b, m) = uq. Hence the claim. Similarly y2(b,.) : R

R.

Thus both y[ (b, m) and y2 (6, m) are continuous strictly monotonic functions •
of m whose ranges are the set of all real numbers. Denote
Y'(b, m) = y[(b, m) - y'2(b, m),
then
Y\b,m) ->oo as ra —> +oo and Y'(b,m) —> —oo as m —> —oo.
Thus there exists a mo E R such that
y[(b,m0) =y2(b,m0).
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According to hypothesis,
yi(b,m0) =t?2(6,m0) and 3/"(6,m0) = y2(b,m0).

(8.3.13)
y(a) - y(xi) = 0, y(b) = 0, y(x2) - y(c) = 0,

(8.3.14)

where F(x, 0,0,0) = 0.
Claim.

y(x) = 0, for all x E [a, c].

Suppose yo(x) is a non-trivial solution of the boundary value problem
(8.3.13) satisfying (8.3.14.). Then there exists a point p E [a, c] such that
yo(p) 7^ 0- Since yo(b) = 0, we have either p E [a, b) or p 6 (6, c] and yo(p)

0.

For p E [a, b), we have
^(p.ifo(p),i/o(p),9o(p)) > °-

(8.3.15)

Since Vp(x, y, y', y") > 0 in the interior of M\ and from Lemma 8.3.2 it follows
that V(x, y,y', y") is non-decreasing along yo(x). Since p < b implies
V(p,yo(p),y'o(p),yo(p)) < V(bty0(b),r/0{b)Mb)) = 0.

(8.3.16)

Thus (8.3.15) and (8.3.16) contradict each other. Similarly the other case
follows. Hence
yi(x) = Jfa(a0, V x E [a,c].
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Remark 8.3.1. It may be noted that even when the monotonicity condition
is not satisfied by /, a Lyapunov function satisfying all the requirements as in
Theorem 8.3.1 may exist to ensure the existence and uniqueness of solutions
to five point boundary value problems as seen from the following example;
y'"+y' = 0,
qr

1/(0) - y{j) =

__ *1

qr

(8.3.17)
C\‘7T

l/(2) =

1

~ V^ = ^2'

(8-3.18)

Here V{x,y,y' ,y") = y'2 is a Lyapunov function for (8.3.17) on
M = [0,7r] x N = Mi U M2, where M\ = [0, f] x N, M2 = [f,7r]
NCR3.
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