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Chap1ler ~ 

tN'l'ERJIlt SCHV,\RZSCB1LJ) SURPACES 

1. J:ntnducl199 

Several author. lnoludlns Tbomp.on A Vhltrov (1961), 

BODDU ard Faulka (1967), "~i t~ (1967). 'raub (1968), Bondi ( 1969) 

have lDYe.tisated ~oar rreo collapse of araYltatlne .phere. 

wlth unU'ona den81ty. It va •• bown SOllIe 1Ila_ aco (ltri.hna RaO, 

197') that ror all \bo.o uoU'ona deneity aod_l. \b. eneI'D 

density or the tree 8ravltatlonal rle1d take. a .1aplo tora, 

"ls. ~ R' • Cens1l. and U' E: "-,,l.bo., the 801utlen. are , 
confonaally fiat. For a 61 \'eIl .phorica! cont'I.Qura.tlon of _tter 

Raychaudbllrl f. equation abow. t"a1l 1 t 1. the alowo.1I co11apae 

po •• ible. Ono can oaai1y obtain "~Iy inequl"aJ.ent 4IIIllytl0 

.olutlons o~ tho Einstoin rleld equation. tor a ahoar troe 

collap.e of •• pberloal .ys t_ aince the nw:aber of IlDknown 

.otric I'unetlon. con IMl reduoed £roel thro" to one. It ia well 

knawn tha1l aboar troo 801utlon ot Eioatoin equation could 

bo goneratod by solving & ainglo aocond ordor non-linear 

oqllatlon oontaiolng an arbitrary tunotion of a radial 

coordinate. Hore, in \b1,. Chapte.c; we Ahal1 ahaw that tor the 

Oa.o wi\h aboar the lIolutl<)llS.u·. geA,u"at~d by .olvine a .incle 

.ocoad order n~n-1inear ditterential oquation oon1laining an 

rapid co1141.'8e 0.1' the 1I1'.t_. 'l'h1. tact CaD alloiO be a.en 

rl'Ola Rayahaudllllr1' •• quatlun. J'Ul'ti:ler, .0 _ntloned 1n the 

vlth tlhollr !)ulna tho preoelloe 01' gravitaUonal radiation and 



76 

.looe the .0111.100 1. _'ohlne wlth that. or Schwan.chlld 

oxterlor Ve c_ •• tIlae the cravleaUoDal radlatloo .. lUod 

by thls ..,stem 1. belne trapped 10 le. eoYelope •• Moa­

Wlltons raod ell! vore dl.cll •• ed by Falllk.. (1969) aDd 

r.oontl,. Gla •• (1979) baa loye.tlgatod ah.ar tree cOllap.o 

In Chl. Chapeer va .hall abov that undor _e 

oondltiollS Bradt"Clonal oollaplle vlth ah.ar vill prooeed 

not Covard a flnal oqulllbriu. bllt Co a .t.C. ot contlolllnc 

collap ••• So tho .atter vl11 be enolo.od by tbe Schvan.cbl1d 

.U!'tace tro. the Inte~lor 01' whlch no 11Cht ray or oUler 

.1enal can e.cape. It 1. vel1 knowo that In lobo Schw~ •• child 

r_aln contined to tlda region and cannot e.cape to Intln1e,.. 

Thla tact. Va. cle~l,. exhlbleed In the Jt1"ll.kal (1960) dlacr_ 

ot the Sohvaa ... chlld .eerio vber. radial 11pt 1' •• tollow 

• .. , 110 •• or the ooordlnata ay.e ...... Va k~ that the 

vlth aD lntin1e. rad .bitt t~ objects talllng ln and 

lnt"ct this i. not a pby.ical .1nsularity. SO b,. th. choice 

ot an ."ppropriate coordlnae. qa1;.., thi •• insularity eM 
It.. 

b. ayoided. For, it we ohoo ... an ortbono~al trCll8e and 

caloillat. "b. Clll'Vat"ra oOlilponeot. thay are sluply aIllUpl •• 

01' MIa' and ther.l'or .. ~e i'1mto at R. ZM. Sino. tho 
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Eruakal' a coordlna t. ayat_ the la tor can be rogarded 

a. aore ceneral in wbiob "'e have two d.1aUnc, slf181l1ari U ea 

r • O. one ln the plae' and the olber ln ~uSllre. Tbere are 

r!ldla1 11gbt raya and 11es ln the ~utllre o~ a typical 

obaarYer ln tbe Sobwarsscbl1d ttiF qlladrlUlt I while tbs other 

V • 0 conal.t. at incoing ligh' raya and lie. in 'be pa.t. 

Alao we can •• e in thl. coordinate aya'e. tbe world line 

R • Con.t ~ 2M appear. aa a hyperbola, aDd the carYe 

R • Con.t ~ 2M is a .pacellke Clll'Ve. In ~act, 'he upper 

hal~ ot tho JCrll.kal dlagram can be regarded ae a black-hole 

whil. tile lower, halt a. a wbit. hole, aince any te.t-

particle in the apper ha1~ plane wlll go to r. 0 vhl1e 

ln the lower halt plane it vill rebound. And al.o one 

oan lnter lroa t11e Xr ... kal dlacr_ (aee Ml.ner I 1968) 

'hat not only ~reely talllne particles but al.o t •• ' 

parUcle. YUh acceleratlon. onco th.,- reach R ..:... 2M cannot 

•• cape hittlng the r • 0 alf181l1arlt;y. That 1., in ,biB 

reglon 8ra~ty ls tho .tronce.t ~orce 'han any other. 

2. lh. "dnc and the lidd Eayatlon. 

In thl. Chapter v. dloo .... analogeoa. 

·Schwar •• chlld s .. r~ace.· ln the lntorlor at a .pher.cally 

."..e'rlo aovlQS tlIl1d •• So, ve conslder 'b. expre •• lon 

~or the lnterval 1n the ~ora 

(4-2.1) 

, 
" ; 
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• N .... SillatelA'a tlu.d equations 8-\v. tbe 

following expre •• loAa tor the non.yanlabl~ co.pon~ta 

ot the atre.. enerey 'enaor I 

(4-2.2) 

(4-2. ,) 

(4-2.4) 

8 ITT" 4 
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... _ilW tha' pr •• ellr. ill aniaotropic, v. bav. in tho 

ca •• or tb. moet ceneral d.l'iD1t •• dl .. e, the .nor.,.. 

vher. ~a i. the uni' veloci'T v.ctor .1' tho I'lilid partiol •• , 

aJId f the proper _t.dal ... r87 d .... lt,. Pot are the proper 

partial pre.agree and Y~.t) are throe epaoo-llk. vector. 

( ••• l.ichnerowica • ",,). So. Ve bav. I'or oar Oa •• 

. )... . 

Xov, llains (~-2.8). the I'iold equa'lons (4-2.a) to (4-2.4) 

vith the help at (4-2.7) turn out to be thr .. iad.pend ... , 

equations • 

8 IT P • - 8 tI T' r 1 . - -- 1 L2ii 
R2 R 
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8 n Pe • 8 It PIS • - 8 
a 

IT Ta • - 8 It 1" 

(4-2.10 ) 

1 

L 
aRK· "J 

R2] 
, R 

= - - - - -a -+ i; R2 RR' R' It 

8 IT f • 8 rr Ta. a. 
(4-2.11) 

1 

L 
2 RR' _ 

li
2 

~' • - - ;2 + 1 -; R2 RRt 

,. The Sol~tlon with Equatlon at State f • p •• PIS 

dittereft\lal eq~a\loft 

(4-'.2) R' - ~'. R. F(\) 
2 

, 

F(\) beiac arbitrary. I-e\ \I.e ooD.icler the oa.e with 

F(t) • o. That la, 

•• 
R -
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wbich oan be regarded a. the ordlnaZT dlfforential 

.quatlon tor a eot •• prlng o.clll.tor. Tb. fir.t ins.gra! 

(4-3.4) - 1 

2 

Thl. equation expr ••••• the .nerer con.GrYation law wlth 
~ U2 a2 i (R/4 - 1) a. the total en.rsy of th. ey.t •. 'i (-2i'.) 

b.ing the kinetio en.rsy and B/al the potential .n.rer. 

IJr_ the fi.ld eqllatione w. UiBiedlat.ly obtain tb. yalu. 

tor 
-),. • •• 

81no. fro. (4-2.11) 
-).. a' • - _ w. can obtain the expr ••• ion 

4a,l' 

tor the potential .n.rer of the ey.'. 

B(r) 
all 

where 

- - o 2 M 
( j + ~) a - In 

H _ !!. (f • E::) a' , 
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Rewrltlac tb. equatlon (4-3.4) 

1 1 - -
:I :I 

w. 6et an analosous equatlon tor R a. a tunctlon at t 

who ••• olutlona are w.ll known tor a tlzad .hell or aatter 

A, tor whloh tb. _.. M and Care con.tant. ln the 

pr ••• ~e rr •• Ca.e. So w. tlnd that tor ani.o'ropio pr ••• Qre 

ca~e al.o, a. in ,be pr ••• ure tree Ca.e, eacb .hell ot 

.atter .0Ye. independently or tbe other ab.ll. in.lde or 

out.lde at it. It. motion, d •• crlbed by CiYing I'. 

clrcum.t.renc. a. a tunotion at it. proper 'i .. , i .... c'lT 

tbe ...... th.t at at •• , partlcle ln the SchWar •• cbild ;' 

tield ot a _s. M(A), equal to tbe .... enolo.ed bT th. 

abell in que.tion. It initial conditione Rre .peciried 

ror all abell., equation (4-3.7) can be .olYed tor each A. 

4. General Properties or the SYBt'i 

To tind an '-plioit .olution at equation 

(4-4.1) 
• + t -

Ve now plot • pha.e portrait taking R on tbe y-aai. and 

R on tbe X-a.i. tor all con.tan' a~o. Then the zy-plane 
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i. called tho pha ••• Pac. ~or th. equation (4-'.~). 

To .. k. It pha •• portrait. tirst w. ba .... to lillll • oonstan' 

.01utlon 01 tho equ.tion (4-'.~). II v. put a. c then 

it. • 0, ii • 0 'he resulting .,..ebralc equation lie - C' • 0 

MOW. tha' a:: o. R: [i. a=- -Ji are con_tan' .0111'10n~ 

ln tho pha.o pl.ne 7 • i. Graphical11'. one can d.plct tho 

Con.tan' .olu'lon. by plot'lag tho poln'. (0,0). ( [2,0) 

(-fi.o). Th ••• polnt. are called crLtloal point •• Th. nex' 

_tep ln th. cOD_truetlon 01 tho ph •• e portlant i_ to plot 

each one or tbe curve. 

~ 
.! ,. \a\ '" [i' 

tbat baa a criUoal point on I'. It a • 0, th.n R • 0 

thon II: .. 0 and v. mu.t plot it.2 • - R2( 1_R2/4), \ RI ~ Ii . 
Tb. onl1' polnt •• U_tying the •• condltione 1. tbe oritical 

point (0,0). If' R • .!. fa and It. 0 thea B. '/2 and 

·2 r= R 2 vo wuet plot R :a (../2 - _ ) 
12 

f'or IR I ~ ra. Suppo.. tho 

q_t. i. put to motion vltb initial oondltlon 

.... "'-<i R. '" it. ....",-,<-1-. "'c..H'~'tr 

• • 

and let R. ~(t). n • j(,) d.not. oorr •• poadins _olution. 

ot the equation (4-,.,). I~ v. plot thi •• olution 

parametrioally, 1t. trace vill b. a clo •• d ourv. wbiob 

oorr •• pond. to • p.rlodic Motlon of' tbe ..,.tem. Th. p.riod 
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and ". Oall ••• Chat Ch. pel'lod of' 0.0111atloR "epeDd. 

on tbe tot.J. .. .-gy of' th •• y.t_ .,d henoe aD the aJIIpl1tlld •• 

ID 11neal' 0.cl11.tor ... pl1tude aDd perlod are ooapl.tely 

lad.peDd.t. Slnoe the .,..,_ 1. In .dlabatio .. otlon. "e 

oan .ay CODy.ctly • .,d pul •• tlonal In.tabllitle. do Dot 
: ~SlGG 

OOCIlI' (aee Moore QJld Bpiesel{?' Th. ener£r den.l ty ot tb. 

tr .. &raYltatlonal fleld tor thl •• y.t_ t&ke~the fora 

- zR" + 
a 

.,.. 
.0 Ch.t the l'elatloD oonDoctlac tbe .beal' lnYal'l.nt~aDd 

th. onere densl ty of' tbe tree graYl t.U oual 1'le14 '= i. 

slna by 

(4-4.4) + rr-2 + ci­

a 

1. e. 1t' the .y.ts! 1. ahe.1' tl'e. th.n 8!r<:: 
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an analop. expr ••• lon tor aD 1.oUl.naa1 Sa •• ph.r. 

wLUI tUg eq*atioD 01' .tat. p. f • For chi •• y.t .. UI • 

• spr ••• lon e amd aoo.l.ra.lon A aro sLven by 

e. + 

("-4.6) • - )..f.t. ~' 
-. 11. • - R fl.' __ '--'--

_:x 'L-R. "-
4R' 

,. Th' Ex'erior lo19'log 

lie ahall now a •• UIII. that tor 

oon.t~Qt a .olul1~n ot tho rield cquatlona ln a ooordinat. 

IIYllt_ which ill an .lU.nlllon or tho ooordinate .,...t. ua.d 

hor •• 'lno. tbe d.n.lty And pr ••• ur. are both requir.d '­

vanl.h it 1'011011. tbat H "lIat be a gon.tant.,.., H\,. 

Than tro. p .. (ro,t). 0 v. hay. 

v •• .,. Y.rity 

-2 
eqllation n 

• 
, -4 

vhiob. .ntor. into that tho oon.tant w., 
II + aZ _ R • 2E(r) a. 

4 
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.raYi'atlODal .... a ••••• ared by aa .xt.raal ob.eryer by 

8bowlac th., bow tho 11_ el._a' eLy- by tb. 8q1l.tlon 

.2 ~ 2>.2 12 
d. • • d' - ~ dr - a d.n... •• y be traDer.rod lnto 

8cbw.r •• chl1d one. In rae' oar lnterlor lJ,no ..... a' 

d.2 • _ .>' dr2 _ a2 (d.n..2 - d t~ OaD be tran.ror.d lnto 

8obw.re.oblld ext.rlor •• tric 

_ d~').. _ R2 d.n..2 

1-~b 

R 

Vbar. 

"/2 aa 
1~ V • dr + la dt 0..1 • _________ _ 

1 - 3t 
R 

• 
a2 ~ - (1 - I,. - _ ) • 

R 
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