CHAPTER 2

ODD MEAN LABELINGS OF GRAPHS*

2.1 INTRODUCTION
A graph in this paper shall mean a simple finite graph

without isolated vertices. The terminology and notions used here
are in the sense of Harary [18]. A labeling of a graph G is an
assignment f of labels to either the vertices or the edges of G that
induces for each edge wv in the former a label depending on the
vertex labels f(u) and f(v) and in the latter for each vertex u a label
depending on the labels of the edges incident with it. The oldest and
more popular vertex labeling is the one introduced by Rosa [30] in
1967 and R.B. Gnanajothi [14] introduced odd graceful graphs. S.
Somasundaram and R. Ponraj [36] introduced the concept of mean
graphs. Motivated by these works, we define odd mean labelings of
graphs and investigate the odd mean behaviour of certain standard

graphs.

*The contents of this chapter are published in Bulletin of Pure and Applied Sciences,
25E(1)(2006), 149-153.



2.2 ODD MEAN LABELINGS

Definition 2.2.1. A graph G with p vertices and ¢ edges is said to
be odd mean if there exists a function f from the vertex set of G
to {0,1,2,3,...,2¢q — 1} satisfying f is 1-1 and the induced map f*
from the edge set of G to {1,3,5,...,2¢ — 1} defined by

w if f(u)+ f(v) is even
f*(uv> = : 1
f(?t)+£(v)+_ if f(u)+ f(v) is odd,

is a bijection.

The following is a simple example of odd mean graph.

2.3 SOME PRELIMINARY THEOREMS

In this section we prove some basic theorems on odd mean

graph.

Result 2.3.1. If G is a harmonious graph with harmonious labeling

f, then Y d(v)f(v) = (%) (mod q).

veV(Q)

Motivated by this, we prove the following theorems.
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Theorem 2.3.2. Let G be an odd mean graph with odd mean label-
ing f. Let t be the number of edges whose one vertex label is even
and the other is odd. Then > d(v)f(v)+t = 2¢*> where d(v)

veV(Q)
denotes the degree of a vertex.

Proof. We have

f@)+f(v) - _
F@) =9 e ?f fe s .
UL if f(x) + f(y) is odd.

=2(14+3+5+ -+ (2¢—1)) —t
=2¢*> —t.
Hence > d(v)f(v)+t=2¢*
veV(G)

As an illustration, we consider Py = v10903040505.

Define f: V(Fs) — {0,1,2,3,...,q} by

f(vl) = va(UQ) = 27f(v3) = 4,f<’U4) = 6,f(’l)5) = 8 and
f(UG) = 9

Clearly f is an odd mean labeling. Here ¢t = 1.



Now,

d dw)f) +t=1x0+2x2+2x4+2x6+2x8+1x9+1
=44+84+12+164+9+1
=50
=2 x 5°
= 2¢%
Hence, > d(v)f(v)+t = 2¢%
veV (@)

Hence the theorem. [
Corollary 2.3.3. If G is an odd mean graph with odd mean labeling
fothen S d(o)f(v) > 26— q.

veV(G)

Proof. Follows from the above theorem and using ¢ < q. ]

Corollary 2.3.4. Let G be a 2-regular odd mean graph. Let f be any
odd mean labeling of G and v € {0,1,2,3,...,(2¢—1)} — f(V(G)).

2
Then x < 2‘12—‘1.

Proof. Since G is 2-regular, deg(v) = 2 for all v € V(G). By
Corollary 2.3.3, we have
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=2 Z f)+z| -2z
veV(G)
=204+142+3+--+(2¢—-1)) — 22

_2(2¢-Y2
2

=4¢> — 2¢ — 2z
2z < 2¢> — ¢

2¢% —
=x < q2 q‘

Hence the proof. ]

Theorem 2.3.5. Any path is an odd mean graph.

Proof. Let P, be the path P, : uy, us,us, ..., uy,.
Define f: V(P,) — {0,1,2,....2n — 3} by

flu;)) =2i—2(1 <i<n-—1)and f(u,) = 2n — 3. The
label of the edge w;_ju; is 2i — 3(2 <i < n).

Obviously f(u1) = 0 and f(u,) = 2n — 3. Thus f is a
function from V' (P,) to the set {0,1,2,3,...,2n — 3}. Clearly f is

one-one.

For 1 < i < mn—1, the vertex labels of f(u;) are in the set,
A={0,2,4,6,...,2n—4}U{2n—3}. The set A has n labels. For 2 <
i < n, the edge labels of f(u;_ju;) is the set B = {1,3,5,7,...,2n—
3}. The set B has n labels.

Hence P, is an odd mean graph. ]
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Example 2.3.6. Odd mean labeling of Pi;.

1 .3 5 7 9 11 3 15 17 . 19

Theorem 2.3.7. C,, is an odd mean graph if n = 0(mod 4).

Proof. Let C), : vivous ... v,v1 be the given cycle where n = 0(mod 4).

Define f: V(G) — {0,1,2,3,...,(2n — 1)} by

.

45 — 4 if 1 <i<n/2andiisodd
47— 6 if 1 <i<n/2andiis even

dn+3—4i ifn/2 <i<mnandiisodd

dn+6—4i ifn/2 <i<nandiiseven.

_ 49 — 3 if 1 <i<n/2
The label of the edge u;u;1q is and
dn+3—4i ifn/2<i<n

the label of the edge u,u; is 3.

. o Vil<i<
uénvl(%)f(U) uénvl%){f(u,) <i<n}
:4i—4if1§i§gand

t1isodd and i =1
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:4n+3—4(g—|—1)
=2n — 1.

Thus f is a function from V(G) to the set {0,1,2,3,...,(2n —1)}.

Clearly f is one-one.
Next we find the vertex labels of f(u;).

For 1 < ¢ < § and i is odd, the labels of f(u;) are in the
set, Ay = {0,8,16,...,2n — 8}. The set A; has 7§ labels.

For 1 <4 < § and i is even, the labels of f(u;) are in the

set, Ay = {2,10,18,...,(2n — 6)}. The set Ay has 7 labels.

For § < i < n and i is odd, the labels of f(u;) are in the
set, A3 = {2n —1,2n —5,...,7}. The set A3 has 7 labels.

For § < i <n and i is even, the labels of f(u;) are in the
set, Ay = {2n +2,2n —2,2n —6,...,10}. The set A4 has 7§ labels.
Thus, the vertex labels of f(u;) are in the set, A = A{UA;UA3UA,.

Therefore, the set A has n labels. Next we find the edge
labels.

For 1 < i < g, the labels of f(wu;y1) are in the set,
By ={1,5,9,...,2n—3}. The set B, has § labels. For § < i < n, the
labels of f(u;u;41) are in the set, By = {2n—1,2n—5,2n—9,...,7}.
The set B, has "T_Q labels.

The label of f(u,uy) is the set By = {3}. Thus the edge
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labels of f(u;u;+1) are in the set B = By U By U Bs. Therefore the
set B has n labels.

Hence G is an odd mean graph. ]

Example 2.3.8. Odd mean lableing of Cis.

» 22 9

23 10
23 /
16 13

21 17

Definition 2.3.9. C, ® P, is the graph obtained by joining an end
point of the path P, to a vertex of the cycle Cj.

Theorem 2.3.10. Cy & P,, is an odd mean graph for all positive

mteger n.

Proof. Let the vertices of P, be vy, v9,v3,...,v, and the vertices of

Cy be vpi1, UVnya, Ungs, Unga.

Define f: V(G) — {0,1,2,3,...,(2n+7)} by
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Fo) = 2 —2(1 < i < ), fvna) = 20, f(vnsa) = 20+
2, f(vpa3) =2n+ 7 and f(v,44) = 2n + 6.

The label of the edge v;v;11 is 20 — 1(1 < i < n) and

f(vn+1vn+2) = 2n + 17 f(vn+2vn+3) = 2n + 5a f(vn+3'l)n+4) = 2n +
7, [(VpiavVns1) = 2n + 3.

Obviously f(v1) = 0 and f(v,43) = 2n 4+ 7. Thus f is a
function from V(G) to the set {0,1,2,3...,2n + 7}. Clearly f is

one-one.
Next we find the vertex labels.

For 1 < ¢ < n, the labels of f(v;) are in the set, A; =
{0,2,4,...,2n — 2}. The set A; has n labels. The other labels of
f(vns1), f(vnt2), f(Vnts), f(vnra) respectively are in the set, Ay =
{2n,2n+2,2n+7,2n+6}. The set Ay has 4 labels. Thus the vertex
labels of f(v;) are in the set A = A; U Ay. Thus the set A has n+4
labels.

Next we find the edge labels f(v;v;41).

For 1 < i < n, the labels of f(v;v;11) are in the set, By =
{1,3,5,...,2n — 1}. The set By has n labels. The other labels of

Jf(Uns1Vng2), [(VUng2Unsa)s f(Ung3Unsa), f(Vngavr) respectively are in

the set, By = {2n 4+ 1,2n + 5,2n + 7,2n + 3}. The set By has 4
labels. Thus the edge labels are in the set B = By U By. The set B
has n + 4 labels.

Hence G is an odd mean graph. ]
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Example 2.3.11. Odd mean labeling of C,@Q Pyj.

9 .
7 26 3

\ 15 13 11 9 7 5 1
+27 20; 19 17 3

/ 18 16 14 12 10 8 6 4 2 0
25 22 21

Theorem 2.3.12. nCjy is an odd mean graph.

Proof. Let V(nCy) = {v}:1<j<4and1<i<n}.
Define f : V(nCy) — {0,1,2,3,...,8n — 1} by

FOUY = 8 —8(1 < i < n), f@) = 8 —6(1 < i < n),
FO =8i—1,(1<i<n)f(w))) =8 —2(1<i<n).

The label of the edge vgi)vg.) is 8 —7(1 < i < n). The label
of the edge vgi)vg) is 8 — 5(1 < ¢ < n). The label of the edge véi)véi)
is 81 —3(1 < i < n). The label of the edge v:(f)vf) is8i—1(1 <i<mn).

Obviously f(v%l)) = 0 and f(vzgn)) = 8n — 1. Thus f is a
function from V(G) to the set {0,1,2,3,...,8n — 1}. Clearly f is

one-one.
Next we find the vertex labels f (vj(z))

For 1 < i < n, the labels of f(viz)) are in the set 4; =
{0,8,16,24,...,8n — 8}. The set A; has n labels.

For 1 < i < n, the labels of f(véi)) are in the set Ay =
{2,10,18,...,8n — 6}. The set Ay has n labels.
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For 1 < i < n, the labels of f(v:()f)) are in the set Az =
{7,15,23,...,8n — 1}. The set A3 has n labels.

For 1 < i < n, the labels of f(vff)) are in the set A4 =
{6,14,22,...,8n — 2}. The set A4 has n labels.

Thus the vertex labels of f(vj(z)) are in the set A = A; U
Ay U A3 U Ay. The set A has 4n labels.

Next we find the edge labels.

For 1 < i < n, the labels of f(vgi)vg)) are in the set,
By ={1,9,17,...,8n — 7}. The set By has n labels.

For 1 < i < n, the labels of f(vy)vff)) are in the set,
By ={3,11,19,...,8n — 5}. The set By has n labels.

For 1 < i < n, the labels of f(vg)véi)) are in the set,
Bs ={5,13,21,...,8n — 3}. The set B3 has n labels.

For 1 < i < n, the labels of f(véi)vff)) are in the set,
B, ={7,15,23,...,8n—1}. The set By has n labels. Thus the edge
labels are in the set B = By U By U B3U By. The set B has 4n labels.

Hence nCy is an odd mean graph. ]
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Example 2.3.13. Odd mean labeling of 6C}.

/‘\ 11 8 0 19/?(3\ 1
./ \ , /

6 14 10 ; 22 18 ;
/

NIPA
- (\M &

-3

23 23 21

N

Note. Clearly K; and K, are odd mean graphs, the labeling being

L J 1 L d
0 1

Theorem 2.3.14. K,, is not an odd mean graph for n > 3.

Proof. Suppose K,(n > 3) is an odd mean graph. To get the edge
label 2¢ — 1, we must have 2¢g — 1 and 2q — 2 as the labels of adjacent
vertices. Let w and v be the vertices whose labels are 2¢ — 1 and
2q — 2 respectively. To get the edge label 1, we must have 0 and 1
as vertex labels (or) 0 and 2 as vertex labels of adjacent vertices. In
either case 0 must be a label of some vertex, say w. Now the edges
uw and vw get labels ¢ and ¢ — 1 which are consecutive integers.
This contradiction proves that K, is not an odd mean graph for

n > 3. []
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Note. Clearly K;; and Kj2 are odd mean graphs, the labeling
being

Kip: . 1 o Kig:e .
0 1 9 3 3

Theorem 2.3.15. If n > 3, Ky, is not an odd mean graph.

Proof. Let {V4, Va} be the bipartition of K, with V4 = {u}. To get
the edge label 2¢ — 1, we must have 2g — 1 and 2q — 2 as the labels
of adjacent vertices. Thus either 2¢ — 1 or 2¢ — 2 must be a label
of u. In both cases, since n > 3, there will be no edge with label 1.

This contradiction proves that K, is not an odd mean graph. [J
Theorem 2.3.16. Ky, is an odd mean graph for all n.
Proof. Let {V1, Va} be the bipartition of Ky, with V} = {u,v} and
Vo = {uy, ug,ug, ..., uy}.

Define f: V(Ks,) —{0,1,2,...,(4n — 1)} by

f(u) =0, f(v) =4n —1, and f(u;) =4i —2,(1 <i<n).

The label of the edge uu; is 2i —1(1 < ¢ < n) and the label
of the edge vu; is 2n+ 21 — 1(1 < i < n).

Obviously f(u) = 0 and f(v) = 4n—1. Thus f is a function
from the set V(K3,) to the set {0,1,2,3,...,4n — 1}. Clearly f is

one-one.
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Next we find the vertex labels.

For 1 < i < n, the labels of f(u;) are in the set A1 =
{2,6,10,14,...,4n — 2}. The set A; has n labels.

The other labels are f(u) = 0 and f(v) = 4n — 1. Thus
the vertex labels are in the set A = A; U{0,4n — 1}. Therefore the
set A has n + 2 labels.

Next we find the edge labels f(uu;), f(vu;).

For 1 < i < n, the labels of f(uu;) are in the set By =
{1,3,5,...,(2n — 1)}. The set By has n labels. For 1 < i < n, the
labels of f(vu;) are in the set, By = {2n+1,2n+3,2n+5,...,4n—1}.
The set By has n labels. Thus the edge labels are in the set B =
B; U By. The set B has 2n labels.

Hence K>, is an odd mean graph. O

Example 2.3.17. Odd mean labeling of K 1.

34

Definition 2.3.18. K, with n pendent edges attached at each point
is called a bistar and is denoted by B,, ,,.
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Theorem 2.3.19. The Bistar B,,,, is an odd mean graph for all n.

Proof. Let V(K3) = {u,v} and u;,v; be the vertices adjacent to u

and v respectively (1 <i <mn).
Define f: V(B,,) —{0,1,2,...,(4n+ 1)} by

f(u) =0,f(v) =4n+ 1, f(u;) = 4i —2(1 < i < n) and
fvi) =4i(1 <i<n).

The label of the edge uv is 2n+1. The label of the edge uu;
is 2i — 1, (1 < i < n). The label of the edge vv; is (2n+ 1)+ 24, (1 <

i <n).

Clearly f(u) =0 and f(v) =4n + 1. Thus f is a function
f:V(B,,) to the set {0,1,2,...,(4n+ 1)}. Clearly f is one-one.

Next we find the vertex labels.

For 1 < i < n, the labels of f(u;) are in the set A1 =
{2,6,10,...,4n — 2}. The set A; has n labels. For 1 < i < n, the
labels of f(v;) are in the set Ay = {4,8,12,16,...,4n}. The set A,
has n labels. The other labels are in the set A3 = {0,4n + 1}.
The set Az has 2 labels. Thus the vertex labels are in the set
A=A UAyU As. The set A has 2n + 2 labels.

Next we find the edge labels.

For 1 < i < n, the labels of f(uu;) are in the set, By =
{1,3,5,...,2n — 1}. The set By has n labels. For 1 < ¢ < n, the
labels of f(vv;) are in the set By = {2n+3,2n+>5,2n+7,...,4n+1}.
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The other label is the set, B3 = {2n + 1}. The set B3 has 1 label.
The edge labels are in the set B = B; U By U Bs. The set B has
2n + 1 labels.

Hence B, is an odd mean graph. ]

Example 2.3.20. Odd mean labeling of By .

Definition 2.3.21. The corona G; ® Gy of two graphs G; and Gy
is defined as the graph G obtained by taking one copy of G; (which
has p points) and p copies of Gy and then joining the i point of
G4 to every point in the i copy of Gs.

Remark 2.3.22. P, ® K, is called comb.
Theorem 2.3.23. Combs are odd mean graphs.
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Proof. Let G be the comb obtained from a path P, : vy, vs,..., v,

by joining a vertex u; to v;(1 <7 < n).
Define f: V(G) — {0,1,2,...,(4n —3)} by
fvi) =41 —3(1 <i<n)and f(u;) =41 —4(1 <i <n).

The label of the edge v;v;11 is 41 — 1(1 <i <n —1). The
label of the edge w;v; is 41 — 3(1 < i < n).
I = mi i), fluy) 1 <@ <
nin, f(w) vglvl(%){f(v ), f(ui) i <nf

=min{f(u;) =4i—4:1<i<n}

=41 —4ifi=1

= 0.

= i) J(u) 11 <1<
Uglv%)f(v) Uglvf%){f(v) f(u) i<nj

=max{f(v;) =41 —3:1<i<n}
=4i—3ifi=n
= 4n — 3.

Thus f is a function from V(G) to the set {0,1,2,...,4n — 3}.

Clearly f is one-one.
Next we find the vertex labels f(v;) and f(u;).

For 1 < ¢ < n, the labels of f(v;) are in the set, A; =
{1,5,9,...,4n — 3}. The set A; has n labels. For 1 < ¢ < n, the
labels of f(u;) are in the set, Ay = {0,4,8,12,...,4n — 4}. The set
Ay has n labels. Thus the vertex labels are in the set, A = A; U As.
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The set A has 2n labels.
Next we find the edge labels f(v;v;41) and f(u;v;).

For 1 < i < n — 1, the labels of f(v;v;11) are in the set,
By ={3,7,11,...,4n—5}. The set By has n— 1 labels. For 1 <i <
n, the labels of f(u;v;) are in the set, Bo = {1,5,9,...,4n—3}. The
set By has n labels. Thus the edge labels are in the set B = B1U Bs.
The set B has 2n — 1 labels.

Hence G is an odd mean graph. []

Example 2.3.24. Odd mean labeling of Comb.

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41

Theorem 2.3.25. P, ® K5 is an odd mean graph.

Proof. Let u;(1 <1 < n) be the vertices of a path P, and v;, w; be
the vertices which are made adjacent with u;. Then G has 3n — 1

edges.
Define f: V(G) — {0,1,2,3,...,(6n — 3)} as follows.

61— 6 if 7 is odd
For 1 <i<n-—1,let f(u;) =
61 — 2 if 7 is even

and let f(u,)=6n— 3.
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_ 61 —4  if 7 is odd
For1 <i<n-—1,let f(v;) = and
6: —8 if 7 is even

let f(v,) = 6n — 11 or 6n — 8 according as n is odd or even.

. 61 if 7 is odd
For 1 <i<n-—1,let f(w;) =
61 —4 if 7 is even

and let f(w,) =6n —4.

The label of the edge wju;y; is 66 — 1(1 < i < n —1)
and u, qu, is 6n — 5 if n is odd. The label of the edge w;v; is
6i — 5(1 < i <n) and u,v, is 6n — 7 if n is odd. The label of the

edge u;w; is 61 — 3(1 < i < n).

min V(G) = Vm(iG){f(uz'), fui), flwi) -1 < i< nj

= min{ f(u;) =6i — 6 if i =1}
= 0.

max V(G) = maxt f(wi), f(v), flwi) - 1< < n}

= max{ f(u,) = 6n — 3}
= 6n — 3.

Thus f is a function from V(G) to the set {0,1,2,3...,6n — 3}.

Clearly f is one-one.
Next we find the vertex labels.

For 1 <i <n—1and i is odd, the labels of f(u;) are in
the set, Ay ={0,12,24,...,6n—18 or 6n — 12 according as n is odd

or even}. The set A; has % labels.
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For 1 <7 <n—1 and i is even, the labels of f(u;) are in
the set, Ay = {10,22,34,...,6n—8 or 6n — 14 according as n is odd
or even}. The set Ay has 2 labels. The label of f(u,) is the set
As = {6n — 3}. The set A3 has 1 label.

For 1 <i <mn—1 and i is odd, the labels of f(v;) are in
the set Ay = {2,14,26,...,6n— 16 or 6n — 10 according as n is odd

or even}. The set A4 has § labels.

For 1 < i < mn—1 and 7 is even, the labels of f(v;) are
in the set A; = {4,16,28,...,6n — 14 or 6n — 20}. The set A has
"2 labels. The label of f(v,) is the set, A5 = {6n — 11 or 6n — 8

according as n is odd or even}. The set Ag has 1 label.

For 1 <i <mn—1 and i is odd, the labels of f(w;) are in
the set, A7 = {6,18,30,...,6n — 12 or 6n — 6}. The set A7 has §
labels.

For 1 < i < mn—1 and ¢ is even, the labels of f(w;) are
in the set, Ag = {8,20,32,...,6n — 10 or 6n — 16 according as n is
odd or n is even}. The set Ag has “72 labels. The label of f(wy,) is
the set Ag = {6n — 4}. The set Ag has 1 label.

The vertex labels of V(G) are in the set, A = A U Ay U
AsU .-+ Ag. The set A has 3n labels.

Next we find the edge labels.

For 1 <i <n — 1, the labels of the edges f(u;u;;1) are in
the set, By = {5,11,17,...,6n — 5 or 6n — 7 according as n is odd
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or even}. The set By has n — 1 labels.

For 1 < i < n, the labels of the edges f(u;v;) are in the
set, By = {1,7,13,...,6n — 7 or 6n — 5 according as n is odd or
even}. The set By has n labels.

For 1 < i < n, the labels of the edges f(u;w;) are in the
set By = {3,9,15,...,6n — 3}. The set B3 has n labels. The edge
labels are in the set B = B; U By U Bs. The set has 3n — 1 labels.

Hence P, ® K5 is an odd mean graph. ]

Example 2.3.26. Odd mean labeling of P; ® K.

Definition 2.3.27. A quadrilateral snake is obtained from a path
ULUs . . . Uy DY joining u,;, u; 11 to new vertices v;, w; respectively and
joining v; and w;. That is, every edge of the path is replaced by the

cycle.
Theorem 2.3.28. A quadrilateral snake is an odd mean graph.
Proof. Let @, denote the quadrilateral snake obtained from

ULUs . . . Uy DY joining u,;, u; 11 to new vertices v;, w; respectively and

joining v; and w;.

Define f: V(Q,) — {0,1,2,3,...,(8n — 9)} as follows:

27



' 8t — 8 if 7 is odd
For 1 <i<nmn, f(u;) =
8 — 10  if 7 is even

f(u,) =8n—9if nis odd and n > 1.

‘ 8 —6  if7is odd
For1<i<n-—1, f(v;) =
8 —4  if 7 is even

_ 8i if 7 is odd
For 1 <i<n-—1, f(w) =
8 —2 if i is even

fwp—1) =8n —9if n is even and n > 2.

The label of the edge u;u; 1 is 8 —5,if 1 <i <n—1. The
label of the edge v;w; is 8 — 3, if 1 < i < n — 1. The label of the
edge w;v; is 8 — 7, if 1 <14 < n — 1. The label of the edge wu;, w; 1
is8& —9if2 <7< n.

Obviously f(u;) = 0 and f(u,) or f(w,_1) is 8n — 9 ac-
cording as n is odd or n is even. Thus f is a function from V(Q,,)

to the set {0,1,2,3,...,(8n —9)}.
Next we find the vertex labels.

For 1 < i < n, 7is odd and n is odd, the labels of f(u;)
are in the set, Ay = {0,16,32,...,8n — 24,8n — 9}. The set A; has

”TH labels.

For 1 <7 < n and i is even, the labels of f(u;) are in the
set, Ay = {6,22,38,...,8n — 18}. The set Ay has ”7*1 labels. The
labels of f(u;) are in the set A = A; U As. The set A has n labels.
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For 1 <i < m,iis odd and n is even, the labels of f(u;)
are in the set By = {0,16,32,...,8n—16}. The set B; has § labels.

For 1 < i < n,iis even and n is even, the labels of f(u;)
are in the set By = {6,22,38,...,8n—10}. The set B, has & labels.
The vertex labels of f(u;) are in the set B = By U By. The set B

has n labels.

The labels of f(u;) are in the set, either A or B according

as n is odd or even.

For 1 <i <mn—1 and i is odd, the labels of f(v;) are in
the set C; = {2,18,34,...,8n —22 or 8n — 14 according as n is odd
or even}. The set O has 51 labels.

For 1 <i <n—1and i is even, the labels of f(v;) are in
the set Cy = {12,28,44,...,8n — 12 or 8n — 14 according as n is
odd or even}. The set Cy has “5% labels. The labels of f(v;) are in
the set C' = C; U Cy. Thus the set C' has (n — 1) labels.

For 1 <i <n—1and iis odd, the labels of f(w;) are in
the set Dy = {8,24,40,...,8n — 16,8n — 10 or 8n — 9 according as
n is odd or even}. The set D; has “ 1 labels.

For 1 <7 <mn—1 and i is even, the labels of f(w;) are in
the set Dy = {14, 30,46, ...,8n — 26,8n — 10 or 8n — 9 according as
n is odd or even}. The set Dy has "T_l labels. The vertex labels of

f(w;) is the set D = Dy U Ds. The set D has (n — 1) labels.

Thus the vertex labels of V(Q,,) is the set E = (either A
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or B)UC U D. Therefore the set E has 3n — 2 labels.
Next we find the edge labels.

For 1 < i < n — 1, the labels of f(u;u;y1) is in the set
Fy ={3,11,19,...,8n — 13}. The set F; has n — 1 labels.

For 1 < i < n — 1, the labels of f(v;w;) is the set Fy =
{5,13,21,...,8n — 11}. The set F, has n — 1 labels.

For 1 < ¢ < n — 1, the labels of f(u;v;) is the set F3 =
{1,9,17,...,8n — 15}. The set F3 has n — 1 labels.

For 2 < i < n, the labels of f(u;w; 1) is the set Fy =
{7,15,23,...,8n — 9}. The set Fy has n — 1 labels. Thus the edge
labels F(Q,) is the set F' = F1 U FyU F3U Fy. The set F has 4n — 4
labels.

Hence (),, is an odd mean graph. ]

Example 2.3.29. Odd mean labeling of Q)s.

2 5 8 12 13 14 18 21 24 28 99 30 34 37 4044 4546 50 53 55
) \ ] Vo | \ / 17 b I
\ | | t Vo

1 7\ Jo 15} 17 23| |25 31, /33 89 [ a1 47 |ag 54

0 3 6 11 16 19 22 27 32 35 38 43 48 51 54

Theorem 2.3.30. The graph G consisting of vertices u;, v;(0 < i <
n) with edges w;ju; 1, v;vip1 fori=0,1,2.3,...,(n—1) and wv; for

i=1,2,3,...,(n—1) is an odd mean graph.

Proof. Let G be the given graph with

30



V(G) = {u;,v;/i =0,1,2,...,n} and
E(G) = {uuir1,vv;01/i =0,1,2, ..., (n—1)}
U{wv; /i =1,2,3,...,(n—1}.
Define f: V(G) — {0,1,2,3,...,(6n —3)} by

fluj) =20,0 <i<n,flv,)) =4n—-2+2,0<i<n-—1
and f(v,) = 6n — 3.

The label of the edge w;u;41 is 20 +1,0 < i < n — 1. The
label of the edge v;v;11 is 4n 4+ 2¢ — 1,0 < ¢ < n — 1. The label of
the edge w;v;is2n+2i — 1,1 <1 <n — 1.

Obviously f(up) = 0 and f(v,) = 6n — 3. Thus f is a
function from V(G) to the set {0,1,2,3,...,(6n —3)}. Clearly f is

one-one.
Next we find the vertex labels.

For 0 < i < n, the labels of f(u;) are in the set A; =
{0,2,4,...,2n}. The set A; has n + 1 labels.

For 0 <i < n — 1, the labels of f(v;) are in the set Ay =
{4n — 2,4n,4n + 2,...,6n — 4}. The set A, has n labels. The
other label f(v,) is 6n — 3. Thus, the vertex labels are in the set
A= A3 UAsU{6n — 3}. The set A has 2n + 2 labels.

Next we find the edge labels of f(u;u;i1), f(vivir1) and
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For 0 < i < n — 1, the labels of f(u;u;+1) are in the set
By =1{1,3,5,...,2n — 1}. The set B; has n labels.

For 0 < i < n — 1, the labels of f(v;v;11) are in the set
By ={4n—1,4n+1,4n+3,...,6n — 3}. The set By has n labels.

For 1 < ¢ < n — 1, the labels of f(u;v;) are in the set
Bs ={2n+1,2n+3,2n +5,...,4n — 3}. The set Bs has (n — 1)
labels. Thus the edge labels are in the set, B = B; U By U Bs.
Therefore the set B has 3n — 1 labels.

Hence G is an odd mean graph. ]

Example 2.3.31. Odd mean labeling of G.

2 4 6 8 10 12 14 16 18 20 22
1 3 5 7 9 11 13 15 17 19 21
23 25 27 29 31 33 35 37 39 41
43 45 47 49 51 53 55 57 59 61 |y 63
42 44 46 48 50 52 54 56 58 60 62 63

Definition 2.3.32. For two graphs G1 = (Vi, Ey) and Gy = (V5, Es),
(G1 X GGy is defined as the graph with vertex set as V; x V5 such that
two points u = (u1,v1) and v = (ug,v9) in Vi x V4 are adjacent in
(G1 X G'9 whenever u; = v; and us is adjacent to vy in Gy or us = vy

and wu; is adjacent to vy in Gj.
Definition 2.3.33. The graph P,, x P, is called a planar grid.
Theorem 2.3.34. The planar grid P,, X P, is an odd mean graph

form > 2 and n > 2.
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Proof. Let V(P, x P,) = {a;; : 1 < i < m,1 < j < n} and
E(Pm X Pn) = {am_lazj 1< < m,2 S] < TZ} U {ai_ljaij 2 <

i<m,1<j<n}.

Define f: V(P, xP,) —{0,1,2,..., (4mn—2m—2n—1)}
by

flaij) =2(7—1),1 <j <nand f(a;) = f(ai-1,) +2(n—
1)+ 27 where 2 <i<m,1 <j<n, flap,) = 4mn —2m —2n — 1.
The label of the edge a;ja;j41 is (i — 1)(4n — 3) + i + 2j — 2 where
1 <i<m,1<j<n—1 The label of the edge a;ja;+1; is (2t —
N2n—1)+2n—-3+2j,1<i<m—11<j<n.

Obviously f(aj1) = 0 and f(am,) = 4mn — 2m — 2n — 1.
Thus f is a function from V (P, x P,)) to the set {0,1,2,3,...,4mn—
2m — 2n — 1}. Next we find the vertex labels f(a;;). For 1 < <
m,1 < j < n, the vertex labels of f(a;;) are arranged as follows.

This arrangement has mn labels.

J

1 1 2 3 4 L. n

1 0 2 4 6 ...... 2n — 2

2| 4n —2 in In+2 4dn+4 ...... 6n — 4

3| 8n—4 8n—2 8n Sn+2 ...... 10n — 6

4112n—-6 12n—4 12n—2 12n ...... 14n — 8
m4mn—2m.—4n+24mn—2m—4n+4, ...... ,Amn —2m —2n—1

33



We have mn labels.

For 1 <17 < m,1 < j < n —1, the labels of the edges
(ajjaij11) are arranged as follows. This arrangement has m(n — 1)

labels.

1 3 5) T 2n — 3
n—-—1 4dn+1 4n+3 4dn+5 ...... 6n —5
gh—3 8n—1 8n+1 8n+3 ...... 10n -7
12n—5 12n—3 12n—1 12n+1 ...... 14n — 9

dmn —2m —4An+3dmn —2m —4An+5,...... JAmn —2m —2n+ 1

For1 <i<m—1,1<j <n,thelabels of edges f(a;;a;+1;)

are arranged as follows. This arrangement has (m — 1)n labels.

2n—1 2n+1 2n+3 2n+5 ...... dn — 3
6n—3 6n—-—1 6R+1 O6n+3 ...... 8n — 5
10—-5 10n—3 10n—1 10n+1 ...... 12n —7
14n -7 14n—5 14n—3 1dn—-1 ...... 16n —9

dmn —2m —6n+34dmn—2m—6n+5,...... ,Amn —2m —4n+ 1

Thus we have m(n — 1) + (m — 1)n = 2mn — m — n edge
labels. Hence P,, x P, is an odd mean graph for m > 2 and

n > 2. []
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Example 2.3.35. Odd mean labeling of Py x Fj.
0 1 2 3 4 5 6 7 8 9 0 43 12 13 14 15 16
17 19 21 23 25 27 29 31 33
35 36 37 38 39 40 4 42 43 44 45 46 AT 48 49
34 50
51 53 55 57 59 61 63 65 67
69 70 71 72 73 74 75 76 77 78 79 80 g1 82 83
68 |® 84
85 87 89 91 93 95 97 99 101
103 104 105 106 107 108 109 110 111 112 113 114 115 116 117
102 118
135
119 121 123 125 127 129 131 133
137 138 139 140 147 142 143 144 145 146 147 |148 149 150 151
136 152
153 155 157 159 161 163 165 167 169
171 172 173 174 175 176 177 178 179 J180 181 [182 183 184 185
170 ® 185

Remark 2.3.36. P, X P, is called a ladder and is denoted by L,,.

Corollary 2.3.37. L, is odd mean graph for all n.

Theorem 2.3.38. The graph obtained by appending an edge to each

vertex of a ladder is an odd mean graph.

Proof. Let P, x K5 be the ladder. Let G be the graph obtained by

appending an edge to each vertex of the ladder. Let u; and v; be

the vertices of the ladder. For 1 <i < n, let u; and v} be the new

vertices made adjacent with u; and v; respectively.

Define f: V(G) — {0,1,2,3,...,(10n —5)} by
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Flu) = 10i — 8(1 < i < n), flv;) = 10i —6(1 < i <
n—1), f(u) =10i —10(1 <i < n), f(v)) =10i —4, (1 <i <n) and
f(v,) = 10n — 5.

The label of the edge w;u;;q is 100 — 3(1 < i < n —1).
The label of the edge v;v;11 is 100 — 1(1 < i < n — 1). The label of
the edge w;u} is 100 — 9(1 < ¢ < n). The label of the edge v;, v} is
10 — 5(1 < i < n). The label of the edge w;v; is 10i — 7(1 < i < n).

min V(G) = min{f (), f(v;), f(u}), f(v}) : 1 < i < n}
= min{f(u})) =10i —10:1<i < n}
=10i —10if i =1
=0.

Obviously f(v,) = 10n — 5. Thus f is a function from V(G) to the
set {0,1,2,3,...,10n — 5}. Clearly f is one-one.

Next we find the vertex labels.

For 1 < i < n, the labels of f(u;) are in the set A; =
{2,12,22,...,10n — 8}. The set A; has n labels.

For 1 <i < mn — 1, the labels of f(v;) are in the set Ay =
{4,14,24,...,10n — 16}. The set As has n — 1 labels.

For 1 <i < n, the labels of f(u}) is the set A3 = {0, 10, 20,
.., 10n — 10}. The set A3 has n labels.

For 1 <i < mn, the labels of f(v!) is the set Ay = {6, 16, 26,
.., 10n—4}. The set A4 has n labels. The labels of f(v,,) is the set,
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As5{10n — 5}. The set As has 1 label. The vertex label of f(V(G))
is the set A = A1 U Ay U A3 U Ay U As. The set A has 4n labels.

Next we find the edge labels.

For 1 <i <mn —1, the labels of the edges f(u;u;;1) is the
set By = {7,17,27,...,10n — 13}. The set B; has (n — 1) labels.

For 1 <i < n —1, the labels of the edges f(v;v;11) is the
set By = {9,19,29,...,10n — 11}. The set By has (n — 1) labels.

For 1 < ¢ < n, the labels of the edge f(u;u}) is the set
Bs = {1,11,21,...,10n — 9}. The set B3 has n labels.

For 1 < i < n, the labels of the edge f(v;v}) is the set
By =1{5,15,25,...,10n — 5}. The set By has n labels.

For 1 < ¢ < n, the labels of the edge f(u;v;) is the set
Bs ={3,13,23,...,10n — 7}. The set Bs has n labels.

Thus the edge labels are in the set, B = B; U By U B3 U
B, U Bs. Therefore the set B has 5n — 2 labels.

Hence G is an odd mean graph. ]

Example 2.3.39. Odd mean labeling of G.
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0 1 2 3 5 6
7 9
11 lm 13 14 15
10 @ 4 ® 15
17 19
22 23 24 25
20 o 21 ® 26
o7 29
31 32 33 34 35 »
30 @ ® 36
37 39
43
41 42 44 5
10 @ 45 ® 46
49
a7
51 52 53 54 55
50 @ T ® 56
57 59
61 62 64 65
60 ® 3 63 ® 66
67 69
71 72 73 74 75
70 @ ® 76
77 79
81 82 83 84 85
80 @ ® 86
89
87
91 92 93 194 95
90 @ ° ® 95

Definition 2.3.40. The subdivision graph S(G) of a graph G is
obtained by replacing each edge of G' by a path of length 2.

Theorem 2.3.41. S(L,) is an odd mean graph.

Proof. Let v;,u; be the vertices of a ladder (1 < i < n). Let v} be
th newly added vertex between v; and v;11(1 < i < n —1). Let u]
be the newly added vertex between u; and u;1(1 <i <mn—1). Let
w; be the newly added vertex between v; and u;. Clearly the graph

G has bn — 2 vertices and 6n — 4 edges.
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Define f: V(G) — {0,1,2,3,...,(12n — 9)} by

fluj)) =4i—4(1 <i<n), f(vy) =12n -9, f(v;) = 12n —
4—4i(2<i<n), f(u)=4i-2,1<i<n-—1,f(v) =12n—6—38i,
I1<i<n-—1land f(w;)) =12n —2 —8i,1 <i <n.

The label of the edge u;u} is 4i — 3(1 < ¢ < n —1). The
label of the edge uiu; 1 is 4i — 1(1 < i < n — 1). The label of the
edge ww; is 6n — 2i — 3(1 < i < n). The label of the edge vw; is
12n — 6i — 3(1 < i < n). The label of the edge v;v} is 12n — 6¢ — 5
(1 <i<n-—1). The label of the edge viv;+1 is 12n —6i —7(1 < i <
n—1).

Obviously f(u;) = 0 and f(vy) = 12n — 9. Thus f is a
function from V(G) to the set {0,1,2,3,...,(12n — 9)}. Clearly f

1s one-one.
Next we find the vertex labels f(V(G)).

For 1 <i < n, thelabels of f(u;) is theset A; = {0,4,8, ...,
4dn — 4}. The set A; has n labels. The label of f(v;) is the set
Ay ={12n — 9}. The set Ay has 1 label.

For 2 < i < n, the labels of f(v;) is the set A3 = {12n —
12,12n — 16,12n — 20, ...,8n — 4}. The set A4 has (n — 1) labels.

For 1 < i < n — 1, the labels of f(u}) is the set Ay =
{2,6,10,...,4n — 6}. The set A4 has (n — 1) labels.
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For 1 < i < mn — 1, the labels of f(v;) is the set A5 =
{12n — 14,12n — 22,... 4n + 2}. The set A; has n — 1 labels.

For 1 <i < n, the labels of f(w}) is the set Ag = {12n —
10,12n — 18,12n — 26, ...,4n — 2}. The set Ag has n labels.

Thus the vertex labels of f(V(G)) is the set A = A;U AU
A3 U Ay U A5 U Ag. Therefore the set A has 5n — 2 labels.

Next we find the edge labels.

For 1 <i < n —1, the labels of the edge f(u;u}) is the set
By ={1,5,9,...,4n — 7}. The set B; has (n — 1) labels.

For 1 <i < n —1, the labels of the edge f(u,u;41) is the
set By ={3,7,11,...,4n — 5}. The set By has (n — 1) labels.

For 1 < i < n, the labels of the edge f(u;w;) is the set
Bs = {6n —>5,6n —7,6n—9,...,4n — 3}. The set Bs has n labels.

For 1 < i < n, the labels of the edge f(v;w;) is the set
By = {12n—9,12n — 15,12n — 21,...,6n — 3}. The set By has n
labels.

For 1 <1i <n — 1, the labels of the edge f(v;v}) is the set
Bs ={12n—11,12n—17,...,6n+1}. The set B; has (n—1) labels.

For 1 <i <mn —1, the labels of the edges v}v; ;1 is the set
B ={12n—13,12n—19,...,6n—1}. The set B has (n— 1) labels.

Thus the edge labels are in the set B = By U By U B3 U
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B4 U Bs U Bg. Therefore, the set B has 6n — 4 labels.

Hence S(L,) is an odd mean graph. O

Example 2.3.42. Odd mean labeling of subdivision graph G =

S(Ly).

122

61 123
Y Iy ®
0 123
1 121
5 118
3 114 119
59 117
4 ® 120
5 115
6 110
106 :
7 57 111 113
8 PY 116
9 109
10 102
98 107
1 55 105
12 @ 112
13 103
14 94
5 101
15 53 90 99
16 ® 108
17 97
18 86
19 95
51 82 93
20 @ 104
21 91
22 78
23 T4 89
49 87
24 @ 100
25 85
26 70
27 66 83
a7 81
28 ! 96
29 79
30 62
31 45 58 75 7
32 ® 92
33 73
34 54
35 . 50 71
43 69
36 ] 88
37 67
38 46
39 65
41 42 63
40 @ L 4 84
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2.4 CONCLUSION AND SCOPE

Further we have planned to work k-odd mean labeling and

(k,d)-odd mean labeling of any graph.
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