Chapter 6

Third Order Neutral Difference
Equations With Distributed Delay




6.Third Order Neutral Difference Equations With
Distributed Delay

6.1 Introduction

In this final chapter, we study the oscillatory behavior of third order neutral differ-

ence equation of the form

b d
A rnAZ Xn + pn,an+s—r + qn,Sf(Xn+s—o) = 0, ne NO (61 1)

Ss=a S=cC

subject to the following conditions:

= o0 1 — .
- = o
n=no rn ’

(C4) {rntis apositive real sequence with

(C2) {4, 4 and {p, s} are nonnegative real sequences with 0 <p, = ~ bsza Pns <

P <1;
(Cs) F:R — Ris acontinuous function such that 24- > >0 for u = 0;
(Cy) a, b, ¢, d Ny with a <bandc <d.

By a solution of equation (6.1.1), we mean a nontrivial real sequence {x,/} sat-
isfying equation (6.1.1) for all n € Ng. We consider only those solution {x,, } of

equation (6.1.1) which satisfy sup{/x,/: n = N} >0 for all N € N;. We assume

that such solutions exist for the equation (6.1.1).

In recent years there is a great interest in studying the oscillatory behavior of
third order difference equations, see for example [3, 5, 6, 9, 15, 21, 22, 24, 45, 48, 54,
56, 57, 58, 59, 61, 63, 75, 79, 82, 83, 85], and the references cited therein. Following
this trend, in this chapter we obtain some sufficient conditions for the oscillation of

all solutions of equation (6.1.1).
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In Section 6.2, we present some preliminary lemmas, and in Section 6.3, we
establish some sufficient conditions which ensure that all solutions of equation (6.1.1)
are either oscillatory or converging to zero. Some examples are given to illustrate

the main results in Section 6.4.

6.2 Preliminary Lemmas

In this section, we present some lemmas which will be useful in proving our main
results. We write
b
Zn = Xp + Pn,sXn+s—r- (6.2.1)

S=a

Lemma 6.2.1. Let {x,} be a positive solution of equation (6.1.1). Then {z,}

satisfies only the following two cases eventually
(I) z, >0, Az,>0, A%z,>0;
(1) z, >0, Az, <0, A%z,>0.

Proof. The proof is similar to that of Lemma 5.2.1 and hence the details are

omitted. [

Lemma 6.2.2. Let {x, } be a positive solution of equation (6.1.1), and let the cor-

responding function {z, } satisfies Case (/1) of Lemma 6.2.1. If

» ® 42 4
- Gtj = co, (6.2.2)
S

I, .
n=no s=n t=s j=c

thenlim,_ . x, = lim,_ .z, =0.

Proof. The proof is similar to that of Lemma 5.2.2 and hence the details are

omitted. ]
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Lemma 6.2.3. Assume thaty, >0, Ay, >0, A%y, <0 for all n > n,. Then for

each a €(0, 1) there exists a N €Ny such that

Yn-o - I forall n>N.
n-o n+1

Proof. From the monotonicity of Ay, } we have

n

Ynet = Yn-o = Ays <(0+ 1)Ayn o
S=n—-0
or
Yot g4 O+ DAYVn o
Yn-o Yn-o
Also,

Yn-o = Yn-o —Yno Z(I’l -0 _nO)Ayn—o-
So, for each a £(0, 1), thereisa N &Ng such that

yI'I—O
Ayn—o

Za(n —o), n=N.

Combining (6.2.4) and (6.2.5), we obtain

Yn+1 <1+ (c+1) San—ao+o+1
Yn-o a(n —o) a(n —o)

or

Yoot _ (0 1)
Yoo a(n —0o)

This completes the proof.

(6.2.3)

(6.2.4)

(6.2.5)

]

Lemma 6.2.4. Assume that z, >0, Az, >0, A%z, >0, A%z, <0 for alln > N.

Then

Zp > n—N
AZ, 2

for all n >=N.

Proof. From the monotonicity of {A%z,, } we have

n_—1

Az, =Azn +  A%zg >(n —N)A?z,.
s=N

(6.2.6)
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Summing from N to n — 1, we obtain
n:1
z, > zn+ (s —N)A%z
s=N
= zy+ (N —N)Azp, —Zpe1 + Zp.

Hence z, > @Azn, n > N. This completes the proof. []

6.3 Oscillation Theorems
In this section, we obtain some new oscillation criteria for the equation (6.1.1) by

using the generalized Riccati transformation and Philos type technique.

Theorem 6.3.1. Assume that condition (6.2.2) holds. If there exists a positive

nondecreasing real sequence {p,} such that

n;1 - 2 -
lim Q. - (BPs)Ts (6.3.1)
n—co s=N 4041
where
— sa(n —o)n+c¢c -0 —N) 6.3.2
Qn pnqn 2(n+1) 4 ( b )
and
d
Gn =L(1 =P)  gns (6.3.3)
S=cC

then every solution of equation (6.1.1) is either oscillatory or converging to zero.

Proof. Assume that {x,}is a nonoscillatory solution of equation (6.1.1). Without
loss of generality we may assume that x, > 0, x,.s_, > 0forn > n; >ng € Njy.
Then {z,, } satisfies two cases as mentioned in Lemma 6.2.1.

Case(l). Let {z,}satisfies Case (I) of Lemma 6.2.1. From (6.2.1), we have

Xn = Zn — pn,szn+s—r

> (1 =P)zp. (6.3.4)
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Using condition (Cs) in equation (6.1.1), we have

d
A(raA%2,) < = GrslXnes—o- (6.3.5)

S=cC

Now using (6.3.4) in (6.3.5), we obtain

A(rA%z,) < —L(1 =P)  QnsZn+s—o

S=C
< Q' Zp+co- (6.3.6)
Define
A%z,
Wn = Pn Az, n=ny. (6.3.7)

Then w, > 0for all n > n; and from (6.3.6), we have

2
AW, < —p, q,lz;::o + ?ﬁ: Wpeq — Wpaq AA—ZZ:
¥ 2
- qu2+1_0 + ?fi 1 Wit — p—W11r (6.3.8)
By Lemma 6.2.3 with y, = Az, we have
1 an —o) 1
= forall n > N. (6.3.9)

Azn+1 o n + 1 Azn_o-

Using (6.3.9)in (6.3.8), we obtain

2
a(n —0)Zp+c- A w

AW, < —pnG) ( )Zn+o-g , APn Wy ——1
n+1 AZ,_ 5  Pn+1 Ln+1 In

Now applying Lemma 6.2.4 in the last inequality, we obtain

a(n —o)(n+c -0 —-N) , Ap, W1
AW, =< —ppqt + b —
n pnqn n+ 1 2 pn+1 Wn 1 pn+1rn

2
< -Q,+ A, W1 —B,Whiq

or

Q, < —AW,+ AWt —B,Whiq (6.3.10)
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where

Summing the last inequality from N to n —1, we have

n—1 =

- _ (Aps)zrs i

Qs ——F—— =Wy —W, <Wy.
s 4ps+1 N n N

s=N
Letting n — oo, we obtain a contradiction to (6.3.1).
Case(ll). If {z,} satisfies Case (//) of Lemma 6.2.1, then by condition (6.2.2) we

have lim,_ ., x, = 0. This completes the proof. ]

Before moving to next theorem, we define functions h, H : Ny XNy — R such that
(7) H,, =0forn >ny >0;
(if) H,s = 0for n>s > ny;

(iii) AgHp s = Hpseq —Hps <0 forn > s > ny and there exists a positive real

sequence {p,# such that

Aps _ >
A2Hn,s"' _Hn,s - _hn,s Hn,s

s+1

forn >s > n,.

Theorem 6.3.2. Assume that (6.2.2) holds. If there exists a positive real sequence

{p, 4 such that

n—1

- 1 -
Ilm SUp Hn,st _Zps+1rsh,2]’s = 00, (6311)

n—oo
n.no ¢=pg

then every solution of equation (6.1.1) is either oscillatory or converging to zero.
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Proof. Assume that {x,}is a nonoscillatory solution of equation (6.1.1). Proceed-
ing as in the proof of Case (l) of Theorem 6.3.1, we have (6.3.10). Now multiplying
the inequality (6.3.10) by H, s, and summing the resulting inequality from n, to

n —1forall n >n, >ngy, we have

n_—1 n_—1 n_—1

- 9 -
Hn,st = - AWan,s"' AsWs+1 _BsWs+1 Hn,s-

S=n2 S=n2 S=n2

Using summation by parts on the first term of right hand side, we obtain

n_—1 n_—1 n;1
Hn,st = Hn,nQan + Ws+1A2Hn,s+ AsWs+1Hn,s
S=no S=n2 S=n2
n;1
2
- BSWS+1 Hn,s
S=n2
n—1
- ApPs
< Hpn,Wn, + AyHp s+ Hps Weq
s=n> s+1
n:1
2
— 7 B2 Hps. (6.3.12)
S=no

Using completing the square in the last inequality, we obtain

n:1 -

1 -
2
Hn,st - Zpsﬂrshn,s —<Hn,n2 Whn,

S=no

or
1 n—1

- 4 -
2
H Hn,st - Zps+1rshn,s —<Wn2-
n,nz s=n»

Taking limit supremum, we obtain a contradiction to (6.3.11).
If {z,} satisfies Case (//) of Lemma6.2.1, then by condition (6.2.2) we have

lim,_ . X, = 0. This completes the proof. [

Corollary 6.3.1. If H,; = (n —s)? for alln >s >0 and

n-1 -

. 1 'y
lim sup (n —s)PQ, — ZBZps+1rs(n —s)f? = (6.3.13)

S

for every B > 1, then every solution of equation (6.1.1) is oscillatory.
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- "B
Corollary 6.3.2. If Hys = logZl * foralin >s >0 and
n—1 - -B
) 5 - n+1
’llinoosup(log(n + 1)) i log Py Qn
S=no
2 T n+17R2-
_mpsﬂrs log ST = o0, (6.3.14)

for every B > 1, then every solution of equation (6.1.1) is oscillatory.

The proofs of Corollaries 6.3.1 and 6.3.2 follow from Theorem 6.3.2 and hence the

details are omitted.

Theorem 6.3.3. Assume that all conditions of Theorem 6.3.2 are satisfied except

condition (6.3.11). Also let

0< inf-lim inf Fs - < 6.3.15
s=ng nN—o Hn,nO = o ( R )
and
n:1
lim sup Pserlsh? g < o0 (6.3.16)
n—oo nno s—po

hold. If there exists a positive sequence {w, } such that

n—1 2

imsup  —*"_ = oo (6.3.17)
n—oo s=no Ps+17Fs
and
(= 1 ]
lim sup Fov H, Qs —Zps+1rsh%,s > Wy, (6.3.18)

then every solution of equation (6.1.1) is either oscillatory or converging to zero.

Proof. Proceeding as in the proof of Theorem 6.3.2, we obtain (6.3.12). Using
completing the square in (6.3.12) and rearranging terms, we obtain

n-1 - h2 -
- n,s . .
HnsQs — < Wp, — lim inf

lim sup
nny 4B:;s n—eo Hp,n,

n—oo

X

n-1 -

- hps
Hn,sBsWs+1 + 7‘%&3

S=n2



for n > n,. It follow from (6.3.18) that

n—1 - -2
. . - > h
Wy, = Wy, + lim inf H,sBWeiq + —v2=
n—oo Hn,nz s=n, 2 BS

which means that,

Wp, =, for n>N

and
n;1 - —_— h -2
lim inf H, BWg1 + —2— < oo,
n—oeo Hn,nz — ’ 2 BS
S=n2
Therefore
n-t n-1
. . ) - 2 1 - >
lim inf H H,sBsws, , + hpns HpsWsiq
n—e mn2 s=p, N2 s=p,
-1
L1 =
4Hp,n, o=ns Bs
Then
n:1 1 n:1
lim inf H,,,SBswﬁ+1 + h,s HpsWsi1 < oo,
n—co nn2 o, nny _
2 S=n2
Define the functions
1 n_—1
Un = H Hn,sBsW§+1
N2 s=n,
and
1 n:1
V,= H hp,s Hn,sWs+1-
2 s=n,

Then, the inequality (6.3.20) becomes
rI)ianinf[Un + V] < oo

Now, we claim that

oo

2
BSW3+1 < 00,
S=n2

Suppose to the contrary that

- 2
BSWS+1 = o0,

S=n2

70

(6.3.19)

00,

(6.3.20)

(6.3.21)

(6.3.22)

(6.3.23)
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By (6.3.15) there exists a positive constant M; satisfying

inf lim inf 2% > M, (6.3.24)

S=ng N—oo n,no

Let M, be any arbitrary positive number. Then, it follows from (6.3.23) that there

exists a n3 > n, such that

n

M,
Bw2, > —= forall n =ns.

_ - M
S=n2
Therefore,
1 n—1 - s—1 -
Uy = H I_In,sA BtW1?+1 +Bn2 W,212+1
nn2 s=p, t=no
1 Ton1 T s - -
= H — BtW%_}.‘] A2Hn,s _Hn,n2+1BI72 va12+1 + B”ZVV%Z""I
n,nz s=n2 t=n3
4 " s )
> o BWier  (—AsHps)
NNz s=ps t=n,
n—1
> H1—Mz (_LAH )
nn, M, o=ns
M 2 ns
> 2 H
B M1 Hn,n2 s
M2 Hn n3a
> = 9
= My Hon, forall n >n;.
By (6.3.24), thereis a n, > n3 such that
Hi,ns >M; forall n>ny,
n,no
this implies
U,>M, forall n >n,.
Since M, is arbitrary,
Irim U, = co. (6.3.25)

Next, consider a sequence {n,} with lim,_, n, = co satisfying,

im (Un, + Vi) = lim inf(Un + Vo)



It follows from (6.3.21) that there exists a number M such that
Uy +V,, =M for k=0,1,2,....

It follows from (6.3.25) that

Jim, Un, = =
Combining (6.3.26) and (6.3.27),
fm Vo = =2
From (6.3.26), we have
1+ Vnk < M <1
Up, U, 2
or
Vi 1
Un, 2

for k large enough. Using the last inequality in (6.3.28), we obtain

2
Nk

lim

k— oo

= 00,
Ny

On the other hand, by the Schwarz inequality, we have

- -2
nk—1
1

2 _ >
Vnk = H hnk,s an,sWs+1
N2 g=p,
- —1 - - ng—1 1.2
1 e 1 = h
2 ng,S
= H H, KsBsWs+1 H
Nk g=p, NiN2 g=p, s
nk—1
1 - 2
= UnkH— p8+1rshnkys'
N2 S=n2
Consequently,
2 nk—1
v, 1 e 2
Up. —H PealsM s
Ny Ny, N2 s=ny

for all large k. But (6.3.24) guarantees that

H, s
lim inf — > M,.
n—oco n,no

72

(6.3.26)

(6.3.27)

(6.3.28)

(6.3.29)
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This means that there exists a ns > n, such that

H
—hz2 >M, forall n = ns.
n,no
Thus,
Hn n
o =M,
Nk, No
for k large enough and therefore
—1
V2 (R
n 2
£ < pS+1rshnk,s

Unk M an,no s=ns

for all large k. It follows from (6.3.29) that

Ny —1
lim ps+1l’shiks = oo. (6.3.30)
k—co an,no s=no ’
This gives
n:1
lim sup Psersh? o = oo,
n—oo Hn ne s=no ’

which contradicts (6.3.16). Then, (6.3.22) holds. Hence, by (6.3.19),

x w2 g
n 2
—r _< BSW3+1 < 00’
S=no pS+1 S S=no

which contradicts (6.3.17).
If {z,} satisfies Case (//) of Lemma6.2.1, then by condition (6.2.2) we have

lim,_ . X, = 0. This completes the proof. [

Theorem 6.3.4. Assume that all conditions of Theorem 6.3.3 are satisfied except

condition (6.3.16). Also let

n—1

lim inf H,sQs < o0 (6.3.31)
e .o $=no
and
n-1 - 1 -
lim_inf H H,sQs — Zpsﬂrshi,s > yy. (6.3.32)

s=N

Then every solution of equation (6.1.1) is either oscillatory or converging to zero.
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Proof. The proof is similar to that of Theorem 6.3.3 and hence the details are
omitted. O
Now, let us define
H,s =(n —s)*, n=>s2>0,
where B > 1is a constant. Then H,, = 0forn >0andH,; >0forn>s >0.

Clearly A;H, s <0forn>s >0 and
has = (0 =SP —(n —s =1)"(n —5) 2 <B(n —5)#272

for n > s > 0. We see that (6.3.15) holds,

Hn, S

lim = lim 1 =8 _

n—oo n,no n— oo nB

1.
Hence, by Theorems 6.3.3 and 6.3.4, we have the following two corollaries.

Corollary 6.3.3. Let B > 1 be a constant, and suppose that
1 n_—1
lim sup———  B%ps+1rs(n —syF? < o0 (6.3.33)
n—e (n —no)f _.
If there is a sequence {y,} satisfying (6.3.17) and
n:1 - 2 -

1 B
li - _o\8 — I 0er —g)32 3.
lim sup (n Ny _, (n —8)° Qs 4 Ps+1rs(n — ) =Wy (6.3.34)

then every solution of equation (6.1.1) is oscillatory or converging to zero.
Proof. The proof follows from Theorem 6.3.3 and hence the details are omitted. [

Corollary 6.3.4. Let B > 1 be a constant, and suppose that

n—1

. 1 -
J@wmfms (n —s)PQs < oo (6.3.35)

=no

If there is a sequence {y,} satisfying (6.3.17) and
n—1 -

1 B? "
: : . _ \B = _ o\B2
,7Ime|nf (" —NY _., (n —8)°Qq 2 Ps+1rs(nN —S) > WYy (6.3.36)

then every solution of equation (6.1.1) is oscillatory or converging to zero.

Proof. The proof follows from Theorem 6.3.4 and hence the details are omitted. [J
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6.4 Examples

In this section, we present some examples to illustrate the main results.

Example 6.4.1. Consider the difference equation

- - 2 - T 2 - -
2 4 2 4
A nA% x, + o Xmrsot F 4n+ 35 Xneso1 = 0. (6.4.1)

s=1 s=1
Here rp=n, pps=2% Qns=4n+3s, 0=1=1,a=1,b=2,¢=1, d=2, and

L = 1. It is easy to see that all conditions of Theorem 6.3.1 are satisfied. Hence

every solution of equation (6.4.1) is oscillatory. In fact {x,}= {(—1)"}is one such

oscillatory solution of equation (6.4.1) since it satisfies the equation (6.4.1).

Example 6.4.2. Consider the difference equation

2 1 ) 2
A x, + Xnvs— * n(n + 1)sx

s=1 s=1

=0, (6.4.2)

n+s—1

Here r, = 1, pps = % qhs =nN(n+1)s, o=1r=1a=1»b=2 ¢=1, and
d=2.letL =1, a= % B=1,andp, = 1. It is easy to see that all conditions of

Corollary 6.3.1 are satisfied. Hence every solution of equation (6.4.2) is oscillatory.
We conclude this chapter with the following remark.

Remark 6.4.1. The results obtained in this chapter generalize and complement to
that of in [3, 21, 24, 45, 57, 58]. Further it would be interesting to extend the results

of this chapter to the equation (6.1.1)when ~ °_ < co,

4
no rn



