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Advanced Difference Equations




4. Second Order Neutral Delay And Advanced

Difference Equations

4.1 Introduction

In this chapter, we study the oscillatory behavior of solutions of the second order

neutral delay difference equation of the form
A(raA(X,+ PpXn =) + GnXn-a + VaXs_m =0, n €No
and the advanced difference equation of the form
A(FpA(Xn* PnXn+k)) + GnXnsa + VaX5, =0, n €N,
subject to the following conditions:
- 1

_ = = 00,
n=no rn ’

(C1) {rnjtis apositive real sequence with

(Cy) {pntis anonnegative real sequence with 0 <p, <p < oo;

(C3) {q,4and {v,} arepositive real sequences;

(4.1.1)

(4.1.2)

(C4) k, A and m arepositive integers and «a is a ratio of odd positive integers.

Let 6 = max{k, A, m}t By a solution of equation (4.1.1) ((4.1.2)) we mean a

nontrivial real sequence {x,} definedfor all n > ny, — 6 and satisfying equation

(4.1.1)((4.1.2)) for all n > ng. We assume that such solutions exist for the equations

(4.1.1)and (4.1.2).

Most of the results established in the literature for neutral type difference equa-

tions involve either delay or advanced type arguments, see for example [1, 2, 7, 8,

11,12, 16, 17, 18, 23, 29, 30, 31, 32, 34, 36, 37, 39, 41, 43, 44, 46, 50, 52, 53,

33
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55, 67,72,76, 77, 78, 80, 81, 84, 86, 87, 88, 95, 96, 97]. In [2, 7, 8, 31, 87], the
authors studied the oscillatory behavior of solutions of equation (4.1.1) when v, =0
and in [32, 43, 44, 78, 88, 96], the authors studied the oscillation of the equation
(4.1.1) when g, = 0. Therefore in this chapter, we discuss the oscillatory behavior
of equation (4.1.1) which unify the results obtained for linear and nonlinear cases.
Further the results obtained for the equation (4.1.2) seems to be new even for the
linear or nonlinear cases.

In Section 4.2, we discuss the oscillatory behavior of all solutions of equations
(4.1.1) and (4.1.2), and in Section 4.3, we present some examples to illustrate the

main results.

4.2 Oscillation Theorems

In this section, we obtain some sufficient conditions for the oscillation of all solu-
tion of equation (4.1.1) and (4.1.2). We use the following notation throughout this

chapter without further mention:

Z, = Xp % PpXn_k, (421)

Q, = min{g,, 9,4 V,=min{v,, v, tforall n €Ny, (4.2.2)

n—A-1 1
QG = Q - (4.2.3)
_.. Ts
S=n1
. nh—-m-—1 1-a
Vo= v, 0 (4.2.4)
Is
S=n
- n-m-1 1-a
u, = 29y, — (4.2.5)
S=n S
U, = Xp+ PpXpsi (4.2.6)

R, = min{q,, Qo+t S, = min{v,, v, Fforall n €N, (4.2.7)

R = T =R, (4.2.8)

r
n S=n
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Si=— S, (4.2.9)

and

T,=2"°— S, (4.2.10)
Lemma 4.21. If 0 <p <1and0<a <1, thenp® >p.

Lemma 4.2.2. If p>1anda > 1, thenp® > p.

The proof of the Lemmas 4.2.1 and 4.2.2 are elementary and hence the details

are omitted.

Lemma 4.2.3. Let {3,} be a nonnegative sequence of real numbers and A be a

positive integer. Suppose that

n+A—1 -y T
,7I|£nm|nf qs = m (4211)
S=n
holds, then the difference inequality
AXy —QpXpes =0, N €N, (4.2.12)
cannot have eventually positive solutions.
Proof. The proof canbe found in [26, 40, 51]. ]

Lemma 4.2.4. Let {q,}be a nonnegative sequence of real numbers, a be a ratio of
odd positive integers and A € £2,3, . . . }be such that ~"_) ., s > 0 for all large
n. Then the difference inequality (4.2.12) has an eventually positive solution if and

only if the difference equation
AXp —QuXp+s =0, N €Ny, (4.2.13)

has an eventually positive solution.
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Proof. The proof canbe found in [26]. m

First we study the oscillation of the equation (4.1.1).

Lemma 4.2.5. If {x,} is a positive solution of equation (4.1.1), then the corre-

sponding {z, } satisfies
z,>0, r,Az, >0, A(r,Az,)<0 (4.2.14)
eventually.

Proof. Assume that {x,/}is a positive solution of equation (4.1.1). Then z, > 0

for all n > ny > ny. From the equation (4.1.1), we have
A(rnAZn) = —(nXp— — VHX% -m < 0.

Consequently, r,Az, is nonincreasing and therefore either r,Az,, >0 or r,Az, <0

eventually. If r,Az,, <0, then we have
r,Az, <rp,,Az,, <0 for n=>ny.

Dividing the last inequality by r,, and then summing the resulting inequality from

n, to n —1, we obtain
n:1
Z, <Zp * Iy, Az,

S
S=m

Letting n — oo, we see that z, < 0 for n > n4, which is a contradiction for the

positivity of {z, 2 This completes the proof. ]

Theorem 4.2.1. Let0 <p <1 and0 < a <1. If thefirst order neutral difference

inequality
1 1

AW, QrWn gk + an*wg_mH( <0 (4.2.15)

+
1+ p¢

has no positive solution, then every solution of equation (4.1.1) is oscillatory.
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Proof. Let {x, }be a nonoscillatory solution of equation (4.1.1). Without loss of

generality we may assume that x, >0andx,_, >0foralln >ny >ny —6. Then
Zn > 01

Znp = Xn—4 ¥ PnsXn-k-n = Xn-a+ PXn_k-p (4.2.16)

and

Zn-m = Xn-m ¥ Pn-mXn-—k-m = Xn-m + PXn_k-m- (4217)

From the equation (4.1.1), we have
A(rpAzp) + QuXp 4+ v x0 =0, (4.2.18)

m

and

a

PA(rn Az, i) ¥ P79, X s T POV, XC = 0. (4.2.19)

Combining (4.2.18) and (4.2.19), then using (4.2.2) we get

A(rpAZy + pry Az, ) + Qn(Xy_y + P X iey)

+Vo(Xy , + P ) <0, (4.2.20)

Applying Lemma 4.2.1 in the second term of the inequality (4.2.20) and using

(4.2.16), we have
A(rpAzy +pry Az, i) + Qnz, o+ V(X5 + PX0 ) <0. (4.2.21)
UsingLemma 2.2.1 and (4.2.17) in (4.2.21), we have
A(raAzp +p°ry Az, )+ Qnz, 4+ Vizy ) <0. (4.2.22)
Since y, = r,Az,, > 0 is decreasing, we have

z, >y, . (4.2.23)
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Substituting (4.2.23) in (4.2.22), we get

n—A-1 n—-m—1
4

A(yn + payn —k) + Qnyn—A r + Vnyg—m —<0'

r
S=m S S=Nn1 S

By using (4.2.3) and (4.2.4), we have
AYn+ P 4) + Quyna+ Viys-m <0. (4.2.24)

Define a function w,, by
Wi = Yn + PYn .

Then w,, > 0. By using monotonicity of {y, } we have
w, <(1+pY)y,_«. (4.2.25)

Combining (4.2.25) and (4.2.24), we see that {w,} is a positive solution of the
following inequality

1 1

AW, Qr Wy, _pek + an*wg_m+k =<0,

+
1+ p¢
which is a contradiction to (4.2.15) and the proof is now complete. O]

Theorem 4.2.2. Letp > 1and a > 1. If the first order neutral difference inequality

1
QW gk + ———Uw? <0 (4.2.26)

Awp + 1+ po)e nemk =

1+ p?
has no positive solution, then every solution of equation (4.1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 4.2.1 by using Lemmas 4.2.2 and

2.2.2 instead of Lemmas 4.2.1 and 2.2.1 and hence the details are omitted. O]

Corollary 4.2.1. Assume thatA >k andA > m. If a =1, and

. n-t “ B - m-—Kk -~-m-k+1
nhinmlnf (Qs+ V)= +p) m—k+1
s=n-m+k

(4.2.27)

then every solution of equation (4.1.1) is oscillatory.
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Proof. Assume that {w, }is apositive solution of (4.2.15). Then {w,, }is decreasing
and if A > m, then

Wny = Wnm.

Using the last inequality in (4.2.15), we get that {w, }is a positive solution of the

difference inequality

1

Awp + T+p

Q4+ V) )Wn-m+k <0. (4.2.28)

Inview of condition (4.2.27), Lemmas 2.2.3 and 2.2.5implies that the inequality
(4.2.28) has no positive solution, which is a contradiction. Therefore (4.2.15) has no

positive solution and now the result follows from Theorem 4.2.1. [

Corollary 4.2.2. Assume A >k andA <m. If a =1, and

n-1 - =A—k+1
—k

lim inf — (QZ+ V5) > (1+p) T—k+1

s=n—-A+k

then every solution of equation (4.1.1) is oscillatory.

(4.2.29)

Proof. The proof is similar to that of Corollary 4.2.1 and hence the details are

omitted. m

Corollary 4.2.3. Assume q, =0, m >k and0 <a <1 in equation (4.1.1). If

00

Vi= oo (4.2.30)

S
S=no

then every solution of equation (4.1.1) is oscillatory.

Proof. The proof follows by applying Lemmas 2.2.3 and 2.2.4 in Theorem 4.2.1 and

hence the details are omitted. ]

Corollary 4.2.4. Assume q, =0, m >k anda > 1 in equation (4.1.1). If there

exists a A > 0 such that A > ﬁ/oga and
lim_inf “Unexp(—'") >0 (4.2.31)

then every solution of equation (4.1.1) is oscillatory.
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Proof. The prooffollows by applying Lemmas 2.2.3 and 2.2.6 in Theorem 4.2.2 and

hence the details are omitted. ]

Corollary 4.2.5. Assume V, =0 andA > k. If

n:1 - A —k = A—k+1
. . ¥
Jmint Q= (e) e
s=n—-A+k

(4.2.32)
then every solution of equation (4.1.1) is oscillatory.

Proof. The prooffollows by applying Lemmas 2.2.3 and2.2.5 in Theorem 4.2.1 and
hence the details are omitted. O

Now we study the oscillation solution of the equation (4.1.2).

Lemma 4.2.6. If {x,} is a positive solution of equation (4.1.2), then the corre-

sponding {u, } satisfies
u, >0, r,Au, >0, A(r,Au,) <0 (4.2.33)
eventually.

Proof. The proof is similar to that of Lemma 4.2.5 and hence the details are

omitted. O

Theorem 4.2.3. Let 0 < p <1and0 < a < 1. If the first order difference

inequality
1
1+ p?

Au, "RiUpss + Siud,, >0, (4.2.34)

n+m

has no positive solution, then every solution of equation (4.1.2) is oscillatory.

Proof. Let {x, /be a nonoscillatory solution of equation (4.1.2). Without loss of
generality we may assume that x, > 0 and x,,+, > 0 for all n >n, >ny —6. Then
un > 0’

Un+A = Xn+A + pn+AXn+A+k _<Xn+A + an+A+k, (4235)
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and
Unim = Xp+m F PnemXnem+k = Xn+m ¥ PXp+m+k- (4236)

From the equation (4.1.2), we have

A(rAUR) + QuXpas + VX0, =0, (4.2.37)
and
POA(r sk AUps i) + PUnsiXnenek ¥ PViaekXS i = 0. (4.2.38

Combining (4.2.37), (4.2.38) and (4.2.7) we get
A(rpAup + proekAlpek) + Rp(Xnes + D Xnwnek) + Sp(XTpy + 07X mak) <0.
Applying Lemma 4.2.1 in the second term of the last inequality, we get
A(raAup + poroeAunei) + Rp(Xpen + PXpasri) + Sp(XG o), + P X5+ mek) <O0.
Using Lemma 2.2.1, (4.2.35) and (4.2.36) in the last inequality, we have
A(raAtp + proekAlnek) + Rplney + Spuif, <0. (4.2.39)

Summing the inequality (4.2.39) from n to oo, we have

[e % oo

_(rnAUn'l' parn+kAUn+k) + RSUS+A + Ssug+m _<0

or

rnAUn + parn+kAUn+k 2 RsuS+A + Ssug+m.

S=n S=n
Using the monotonicity of {u, }in the last inequality, we have
rnAUn(1 + pa) Z - RSUS+A + - SSUU

s+m
S=n S=n

or

1 1 12 )
Aun = W [’_ RSUS+A + F Ssug+m

N s=n N s=n



42

Using (4.2.8) and (4.2.9) the last inequality becomes

i * *,,0 i
Aup = T+ pe RiUn+a+ S U
or
Aup — 1 -R*u + S*uy¢ - >0
n 1+pa nYn+A n“n+m = V-

Thus {u, }is a positive solution of the inequality (4.2.34), which is a contradiction

to (4.2.34). The proof is now complete. H

Theorem 4.2.4. Letp >1 anda > 1. If the first order difference inequality

1

R "RiUpen+ Tou%,, >0 (4.2.40)

Au,

has no positive solution, then every solution of equation (4.1.2) is oscillatory.

Proof. The proof is similar to that of Theorem 4.2.3 by using Lemmas 4.2.2 and

2.2.2 instead of Lemmas 4.2.1 and 2.2.1 and hence the details are omitted. ]

Corollary 4.2.6. If A<m, a=1and

n+m-—1 - - m+1

im i *+ S8 >(1+
,Jlinmlnf _ (R +SJ)>(1+p) o

(4.2.41)
then every solution of equation (4.1.2) is oscillatory.

Proof. The prooffollows by applying Lemma 4.2.3 in Theorem 4.2.3 and hence the

details are omitted. ]

Corollary 4.2.7. If A>m, a =1 and
n+A-1 Ty A
lim inf (Ri+SH=>(1+p) —— (4.2.42)
n—co A+1

S=n

then every solution of equation (4.1.2) is oscillatory.

Proof. The proof follows by applying Lemma 4.2.3 in Theorem 4.2.3 and hence the

details are omitted. ]
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Corollary 4.28. If A<m, a=1and

n+m —1 - - m+1

Jmint R+ T)>(1+p) T

(4.2.43)
then every solution of equation (4.1.2) is oscillatory.

Proof. The proof follows by applying Lemma 4.2.3 in Theorem 4.2.4 and hence the

details are omitted. H

Corollary 4.29. If A>m, a =1 and
n+_Af1 - A = A+1
lim inf (Ri+Ty)>(1+p) T+ , (4.2.44)

S=n

then every solution of equation (4.1.2) is oscillatory.

Proof. The proof follows by applying Lemma 4.2.3 in Theorem 4.2.4 and hence the

details are omitted. ]

4.3 Examples

In this section, we present some examples to illustrate the main results.

Example 4.3.1. Consider the neutral difference equation

1 2
A —A(Xn* 1)+ Xnst =0, n=>1. (4.3.1)

n+1%n-2

Here rn=1, ph=2, =% v,= 2, k=1A=4 m=2anda=1. It is

n’ n+1’
easy to see that all conditions of Corollary 4.2.1 are satisfied. Hence every solution
of equation (4.3.1) is oscillatory. In fact {x,}= (-1)" is one such solution of

equation (4.3.1) since it satisfies the equation (4.3.1).

Example 4.3.2. Consider the neutral difference equation

1 2 2
A EA(Xn + 2x,_1) + mxn_z + EX,,_4 =0, n=>1. (4.3.2)
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Here rn =1, pp =2, qn = V=2 k=1A=2 m=4 anda=1. It is

2
n+1 ’

easy to see that all conditions of Corollary 4.2.2 are satisfied. Hence every solution

of equation (4.3.2) is oscillatory. In fact {x,}= (—1)" is one such solution of

equation (4.3.2) since it satisfies the equation (4.3.2).

Example 4.3.3. Consider the neutral difference equation

1 1 1/5
A —AXn*2Xn2) * p7Exn-s=0, n21. (4.3.3)

Herer,=1 p,=2,9,=0, v, = n%s k=2, m=3 anda="1 It is easy to see
that all conditions of Corollary 4.2.3 are satisfied. Hence every solution of equation

(4.3.3) is oscillatory.

Example 4.3.4. Consider the neutral difference equation

- - n

1 e
A EA(X,-, +3X,5) +—x,4=0, n>1. (4.3.4)

n1o

Here r,, = ,} pr=3,q,=0, vn=f7—iz, k=2 m=4,anda = 5. Choose A = 1.
Then it is easy to see that all conditions of Corollary 4.2.4 are satisfied. Hence every

solution of equation (4.3.4) is oscillatory.

Example 4.3.5. Consider the neutral difference equation

1 1 1
A EA(X,‘] + 2Xn+1)

— Xpyo F —— =
+n(n+1)xn 2 n(n+1)X”+3 0, n>1. (4.3.5)

Here rn=1 pp=2 qn= —1=, Vo=, ——, k=1,A=2,m=3,anda = 1.

n(n+1) ’ “ n(n+1)

It is easy to see that all conditions of Corollary 4.2.6 are satisfied. Hence every

solution of equation (4.3.5) is oscillatory.

Example 4.3.6. Consider the neutral difference equation

1 1 1
A EA(Xn + 2Xpeq)  +

— X433+ —— =
R e =0 n 21 (436)
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Here rn= o, Pn=2, G0 = 57y Vo = pieny

k=1 A=3 m=2 anda = 1.
It is easy to see that all conditions of Corollary 4.2.7 are satisfied. Hence every

solution of equation (4.3.6) is oscillatory.
We conclude this chapter with the following remark.

Remark 4.3.1. The results presented in this chapter extend and generalize some
of the known results in [2, 7, 8, 31, 32, 43, 44, 78, 87, 88, 96]. Further it would

be interesting to obtain oscillation results for the equations (4.1.1) and (4.1.2) when

- o0 1

- < ®
n=no rp )



