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5. Third Order Nonlinear Delay Difference
Equation-ll

5.1 Introduction

In this chapter, we continue our study on the oscillation of more general third order

nonlinear delay difference equation of the form
A a, (A (bn(Axn)“))B- + ¢, f(x,-1) = 0,n € Ny, (5.1.1)

subject to the following conditions:

(Cy) {an}, {b,} and {q,} are positive real sequences;

(C,) a and B areratio of odd positive integers;
(Cs) 1 is a nonnegative integer;

(C4) f : R = R is continuous functions such that uf (u) > 0 for u = 0 and

—f(—uv) = f(uv) = f(u)f(v) for uv > 0.

By a solution of equation (5.1.1), we mean a real sequence {x,} and satisfying
equation (5.1.1) for all n € No. We consider only those solution {x,} of equation

(5.1.1) which satisfy sup{|x,| :n = N} >0foralln > N € N,.

In [34, 62], the authors studied the third difference equation (5.1.1) when a =
B = 1 and established some oscillation and asymptotic behavior of solution, and in
[60], the authors considered the oscillatory and asymptotic behavior of solutions of
the equation (5.1.1) when 8 = 1. Motivated by this observation, in this chapter
we obtain some sufficient conditions for the oscillation of all solutions of equation

(5.1.1).
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In Section 5.2, we establish some sufficient conditions for the oscillation of all so-
lutions of equation (5.1.1) and in Section 5.3, we present some examples to illustrate
the main results. The results obtained in this chapter complement and generalize

the results established in [34, 60, 62].

5.2 Oscillation Theorems

In this section, we establish some new oscillation theorem for equation (5.1.1).

Throughout this chapter we use the following notations without further mention:

n—1

_ I Vet
5n,no - bs ’
S=no
n
S=no
and
n
5, =  b;VE.
S=no

We begin with the following lemma.

Lemma 5.2.1. Assume that for all sufficiently large N, € Ny, there is a N > N,

such thatn—1 >N, forn > N and

(H,) either

=1
= (5.2.1)
s=np 85"
or
[e) " n -1/8
a VB 4sFOY ) F(Bs—rn) = O (5.2.2)
n=N s=N
(H,) either
=1
= (5.2.3)
S=ng bS
or
o " " s e
p el g VB G:f(0s—;) L =o0 (5.2.4)

n=ng $=ng t=sp
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hold. Let {x,} be an eventually positive solution of equation (5.1.1). Then one of

the following two cases holds:
(i) Ax, >0, A(b,(Ax,))=>0 forall n=N;
(i Ax, <0, A(b,(Ax,)?) >0 forall n=N.
Proof. Let {x,} be a positive solution, from the equation (5.1.1), we have
A an(A (by(Ax)) = =4 f(xp—r) <O for nzns.

Consequently (A (b,,(Axn)“))B is strictly decreasing and then Ax,, and A (b,(AXx,)%)
are eventually of one sign. We claim that A(b,(Ax,)?) > 0. If not, then we

have two cases:

Case(i). There exists n, > ny, sufficiently large, such that
AX, >0, and A(b,(Ax,)Y) <0 for n = n,.
Case(ii). There exists n, > n4, sufficiently large, such that

Ax, <0, and A(b,(Ax,)?) <0 for n = n,.

For the Case(i), we have b,(Ax,)“ is strictly decreasing and there exists a negative

constant M such that

an (A (bp(AX,)")E <M forall n=n,

or
1/8

M
A (bp(Axn)T) < B

Summing from n, to n — 1, we get

n:1 1
1/8°

S=no as

bp(AX,)? < b, (AXp,)Y + M VB
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Letting n — oo and using (5.2.1) then b,(AXx,)* — —oo, which contradicts that

AX, > 0. Hence (5.2.2) is satisfied, we have

Xn — Xp, = AXs
S=n3
n:1
— bs—1/a((Axs)a )1/Crbl/a
S=n3
n:1
> (bp(Axp)M) bY@ forall n = ns,

S=n3
and hence

n—1
Xn = (bp(Axn)?)VE p;ve forall n=n;

S=n3
> (bn(AXn)®)26,,, forall n=ns.

There exists a ny = n3 with n — 1 > n3 for all n = n, such that
a\1/a
Xn—r = (bn—r(AXn—7)9)"“0n-rn, forall n=ns.

From equation (5.1.1)

0 = A(an(AYn)P) + GuF(y ) (6n—rn,) forall n = ny

where y, = b,(AX,)Y. Itis clear that y, > 0and Ay, <O0. It follows that

A(ap(Ay,)P) <0 forall n = n,.

Summing from n — 1 to n4, we get

an(Ayn)’ — an,(Ayn, )’ <0

or
—an(Ayn) = —an,(Ayn,)P
n(AYn na\AYn,
or
1/8
—an (AYni)  for all n = ng.

AYp 2
2B

n

(5.2.5)
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Summing the last inequality from n to oo, we obtain

© 1y
- as4B(Ays4)

_[y°° - Yn] 2 - 1/
s=n as

or

yn 2 =alP(Ayn) &

S_
hence
yn 1/B(Ayn4)6

or

VYn 2 k10, forall n = nsg
where k1 = —al,fB(Ay n.) > 0. Thereexists ans > ngwith n—1 > nyforall n > ns
such that

Vn—r = Ki0,—, forall n = ns.

Summing (5.2.5) from ns to n — 1 and using the above inequality, we get

n:1

0sF (VL) F(Os-13) < Qs AW ¥ — @n AP

S=ns

or

n—1
4sF(Ky @85 ) F(Bs-1.n;) < —@nA(Yn) P.
S=ns5
Now using the condition (C,) we have
n—1

— qsf(k1/a)f(61/a)f(6s rn3) < anA(yn)B

S=ns

or
-1/8

-f 1/a I’l_—1
) = YN (Borm) < AW )

a
n S=ns

Summing the above inequality from ns to co, we get
) =1 /B
- 1 1/a
(FR“NWP =5 GG DFOrrt) S Yny <

Ss=ns 9S f=ss5
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which contradicts the condition (5.2.2).

For the Case(ii), we have

bn(AXn)? < bp (AXn,)® =c <0

or

1/a’
bn

Summing the last inequality from n, to n — 1, we get
n_—1
Xn S an + C1/CT bs—‘]/a.

S=n2
Letting n — oo, then (5.2.3) yields x, — —oo. This contradicts that x,, > 0.

Otherwise, if (5.2.4)is satisfied. One can choose n; = n, with n — 1 > n, for all

n = n3 such that
n—1
X, = —(bn(AXn)a)Va b;1/a

S=n3

or

n—r —1
Xp—r > _(bn_T(AXn_T)a)']/a bs—’l/a

S=n3
hence

Xp—r 2 ko0p—, for n =ns

where ko = —(bp—r(Axn—:)?)V2. Then equation (5.1.1) and (C,) yield.

A ay (B G(AX)) = —qaF(Xnr)

IA

_qnf(kZEn—r)
_qnf(kZ)f(an—r)

IA

or

A an(A (bn(AX)))P < gL f(Ens),
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where L = —f(k,), summing the above inequality from n; to n — 1, we get

n—1

an (A (by(AX)))P <L qof(Bsy)

S=n3
or
a RZ= = e
A (bp(AXp)T) < 7 s F(Os—r)
an s=n3

Summing the last inequality from n; to n — 1, we have
n_—1 B S:1 B 1/B
bn(Axp)* < LVP &P q:7(0¢-r)
s=n3 t=n3
or 0
[ /B n—1 T s—1 -1/B

= a " qfGe,) -

bn s=n3 t=n3

D1/a

AX, <

Again summing the last inequality from n; to n — 1, we have

0
n—1 s—1 T =1

Xo SLVOP g Vel T (@)

s=n3 t=n3 J=n3

-1/8 j1/a

From condition (5.2.4) we get x, =& —o0 as n — oo which contradicts that x, is

a positive solution of equation (5.1.1). Then we have A(b,(Ax,)9) = 0 for n = ny

and of one sign thus either Ax,, > 0 or Ax,, < 0. The proof is now complete. [

Lemma 5.2.2. Assume that (H,) and (H,) hold. Let {x,} be an eventually positive

solution of the equation (5.1.1) for all n € Ny and suppose that Case (ij) of Lemma

5.2.1 holds. If
[ee) " o o -1/a
b;Va a;1/[3( qt)Vﬁ = 0 (5_2_6)
n=no s=n t=s

thenlim,-« X, = 0.

Proof. Let {x,} beapositive solution of the equation (5.1.1) then there exists A > 0
such that lim,—~« X, = A. Assume A > 0, then we have x,_, = Aforn > n, = ny.

Summing the equation (5.1.1) from n to oo, we have

an (A (bn(Axn)®))P = - qsF(xs_1) = F(Xp_7) - 0s

S=n S=n
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or
- -1~ o VB
Ay (Ax,)?) > T

an S

S=n

Summing the last inequality from n to oo, we have

o) NC'S) = 1/B8
—bn(AXn)T 2 (FA)P a;"P Qe
s=n t=s
GO
—AXn 2 pi/e e 0t -
n s=n t=s

Again summing the last inequality from n, to oo, we get

% Y Y
Xpy 2 (FA)VaB = V@™ g8 T
n=ny S$=n t=s
This contradicts to the condition (5.2.6). The proof is complete. ]

Theorem 5.2.1. Let (H,) and (H,) hold and there exists an integer o such that

o>T. (5.2.7)

If both first order delay difference equations

Dn—L—'] - s -1a
Ayp + Qo FyPYFD T pgva T P =0, (5.2.8)
S=n2 t=ny
and
Dn+o “s+o T _1/:3D1/a
AXp + (F(Xnr2o—r)) 2P0,V 0 @) g, 0 =0 (5.2.9)
s=n t=s

are oscillatory, then equation (5.1.1) is oscillatory.

Proof. Assume that (5.1.1) has a nonoscillatory solution. Without loss of generality,
thereis a ny = ny € Ny sufficiently large suchthat x, > 0 and x,_, > 0 for all

n = n4. From the equation (5.1.1), we have

A 8, (A (bo(Ax)) = —q,F(x,~r) <O forall n=n;.
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Thus a,A (b,(AX,)?) is strictly decreasing then A (b,(AXx,)?) and Ax,, are eventu-
ally of one sign. Then from Lemma 5.2.1, we have the following cases for sufficiently

large n, = ny
(1) Axp >0, A(bp(Ax,)7) >0,
(i) Ax, <0, A(b,(AXx,)?) =>0.

Case(i). Let a,(A (bn(Axn)“)B = y,, then we have

_y”

A(bn(AXn)a) - 81_/6

Summing the last inequality from n, to n — 1, we have

n—1 n—1
a _ a = =18,/ 18 ~ =1/
bn(AXn)® = by, (AXn,)" +  a;PylP 2 yVP o VP
s=n2 S=n2
or
’ - n:1 -1/a
1/apB -1/8
AXp 2 Y, ya ag
n S=n2

Summing the last inequality from n, to n — 1, we get

n—1 T s—1 - Va
- N)aBp-1/a T ,—1/B
Xn 2 an + ys Bbs at

S=ny t=n2
n—1 T s—1 - Va

1VaB ~ p=Va T 1B

> ya b ay

S=n2 t=n2

There exists n3 = n, such that n —1 > n, for all n > n;. Then

—_7 — - s—1 -1/a

n—r—1
vag "5 =y
Xo_r 2y b, a, B forall n > n;.

S=np t=n>

This and the equation (5.1.1), (C4) yield for all n > ns,

U U
- -1/a

-7 —1 s—1

n
—AYn= GnF(Xny ) 2 Guf(y,/SP)F ] by a;® 0,

S$=ny t=n2
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Summing the last inequality from n to oo, we get
O

0 s—1—1 t—1 - Va
- 1/¢ 1/ - -1/
Yo 2 g F(yPYFD p a® .

s=n t=n> J=n2

N

The function y, is strictly decreasing, and by Theorem 6.19.3 of [1] there exists
a positive solution of equation (5.2.8) which tends to zero, this contradicts that
equation (5.2.8) is oscillatory.

Case(ii). Summing the equation (5.1.1)from n to n + o, we have

n;l-a
an (A (0a(AX) ) 2 4sF(Xs )
S=n
or v
= fx 3 -1/B nto
A(by(Ax,)7) > TXnio-1) 0
@n s=n
Summing the above inequality from n to n + o, we obtain
n+o - -1/8 “sta ~VB
297 flxsro— =
by(Ax)r > L) q
s=n as t=s
or v
+ “s+o T
_(Axn)d > (f(Xn+2Cf—T))1/'B n=? aS—’l/.B - G
n s=n t=s
or
O [1/0
+ T s+ -1/B
—AX, > (f(Xn+20—r))1/aB Dn_oa -1/B =7 0
ne 1/a s Gt
bn s=n t=s
Summing the last inequality from n to oo, we get
l N
o sto Ttto T g Va
Xn 2 (f(Xp+2o-1)) VB bS—1/a 07 a VR q; O

S=n t=s J=t
Since by Lemmas 5.2.1 and 5.2.2, there exists a positive solution of equation (5.2.9)
which tends to zero, this contradicts that equation (5.2.9) is oscillatory. The proof

is complete. O
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Theorem 5.2.2. Assume that the first order delay difference equation (5.2.8) is

oscillatory, condition (5.2.6), (Hy) and (H,) hold. Then every solution {x,} of

equation (5.1.1) is either oscillatory or tends to zero asn — 0.

Proof. The proof follows from Theorem 5.2.1 of Case(i) and Lemma 5.2.2 and hence

the details are omitted. ]

5.3 Examples

In this section, we present some examples to illustrate the main results.

Example 5.3.1. Consider the difference equation

- -3
A NA %(Axn)w +%Xn_2=o, n>1. (5.3.1)

Here f(u) =u, g, =1, a,=n b, = 7, 7T=2, 0=

&, and B = 3. Further

- o0 1 -

=1 A = 9, o, n® = oo, |t js easy to see that condition (5.2.6) holds.

Further the equation (5.2.8) reduces to

1= e 7
Ayn + ,—7 n6 f]_/‘)’ VYn— = 0. (532)
s=1 t=1
Then by Theorem 7.5.1 of [36], the equation (5.3.2) is oscillatory, provided that
0 0
n—1 s=1 Tt -3 -n-3
- - - 1 2
lim_inf 197 ¢ — - > 3
T =2 e j=17

and according to Theorem 5.2.2 every nonoscillatory solution of equation (5.3.1)

tends to zero asn — oo,

Example 5.3.2. Consider the difference equation

"1 ;7 1 _
A A —(AXy) 5 Xn=2 =0, nx=1. (5.3.3)
Here f(u)y =u, q,= 7, § =n, b, = 5, 1 =2, a=3,andB =]. Further
T s =00, 2. n=o00 |tiseasy to see that condition (5.2.6) holds. Further
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it is easy to see that all conditions of Corollary 5.2.2 are satisfied. Hence every

nonoscillatory solution of equation (5.3.3) tends to zero asn — o.

We conclude this chapter with the following remark.

Remark 5.3.1. It would be interesting to extend the results of this chapter to the

= oo
n=ngo

equation (5.1.1) when Jy<oand/or ~5_, - <oo.

ab b



