
Chapter 6 

The detour hull number of a graph 

In this chapter, we introduce and study the detour and vertex detour hull numbers of 

a graph [37, 38]. Certain general properties of detour hull number dh{G) of a graph 

G is studied. It is shown that for each pair of positive integers r and s, there is a 

connected graph G with r detour extreme vertices each of degree s. It is proved that 

every two integers a and b with 2 < a <h are realizable as the detour hull number 

and the detour number respectively. For each triple D, k and n of positive integers 

with 2<k<n — D + 1 and D > 2, there is a connected graph of order n, detour 

diameter D and detour hull number k. It is proved that for a connected graph G 

with diamoiG) < 4, dn{G) — dh{G); and for positive integers a,b and k >2 with 

a <h <2a, there exists a connected graph G with raduiG) = a, diamoiG) = b and 

dh{G) = k, where radu^G) and diamoiG) respectively denotes the detour radius and 

the detour diameter of G. Graphs G for which dh{G) = n — 1; and dh{G) — n — 2 

are characterized. Certain general properties of x-detour hull number dhx{G) of a 

graph G is studied. It is proved that for any vertex x in a connected graph G, 

dh{G) < dhx{G) + 1 and for each pair of positive integers a, b with 2 < a < 6 + 1, 

there is a connected graph G and a vertex x such that dh{G) = a and dhx{G) = b. 
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Also, it is proved that every two integers a and b with 1 < a < 6 are reahzable 

as the x-detour hull number and the x-detour number respectively. We determine 

bounds for dhx{G) and characterize graphs G which realize these bounds. Finally, 

we investigate how the detour and vertex detour hull numbers of a graph are affected 

by adding a pendant edge. If C is the graph obtained from G by adding a pendant 

edge uv at a vertex v of G, then it is proved that dh{G) < dh{G') < dh{G) + 1 

and dhx{G) < dhx{G') < dhxiG) + 1 for every vertex x distinct from v. Also, we 

characterize graphs for which the bounds are attained. 

Detour hull number of a graph 

A set 5 of vertices is a detour convex set if ID\S\ = S. The detour convex hull [S]D of 

5 in G is the smallest detour convex set containing S. The detour convex hull of S 

can also be formed from the sequence {/£)['S']}(A; > 0), where l£,[S] = S, I})[S] = ID[S] 

and ID[S] = ID[ID'^[S]]- From some term on, this sequence must be constant. Let p 

be the smallest number such that Ii,[S] = I^^[S]. Then I^[S] is the detour convex 

hull [S]D of S. A set S of vertices of G is a detour hull set if [S]D = V and a detour 

hull set of minimum cardinality is the detour hull number dh{G). Any detour hull set 

of cardinality dh{G) is a minimum detour hull set of G. 

Example 6.1 For the graph G given in Figure 6.1, and- S = {vi,ve}, ID[S] = 

V-{v7} and /|,[5] = V. Thus 5 is a minimum detour hull set of G and so dh{G) = 2. 

Since S is not a detour set and S U {vj} is a detour set of G, it follows from Theorem 
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1.40 that dn{G) = 3. Hence the detour number and detour hull number of a graph 

are different. Note that the sets Si = {^1,^2} and S2 = {t̂ 2,̂ '3,̂ ^4,̂ ^5, V7} are detour 

convex sets in G. 

Vl V2 V7 V5 V6 

Figure 6.1: G 

Definition 6.2 A vertex u in a connected graph G is a detour extreme vertex if it 

is an initial or terminal vertex of any detour in G containing the vertex v. 

Observation 6.3 A vertex v is detour extreme vertex if and only if V{G) — {v} 

is a detour convex set in G. 

Remark 6.4 Every end vertex of a graph G is a detour extreme vertex. However, 

there are detour extreme vertices which are not end vertices. For the graph G in 

Figure 6.2, i« is a detour extreme vertex of G of degree 2. 

Proposition 6.5 Each detour extreme vertex of a nontrivial connected graph G 

belongs to every detour hull set ofG. In particular, each detour extreme vertex belongs 

to every detour set of G. 

Proof. Let a; be a detour extreme vertex of G. Then x is either an initial or̂  terminal 

vertex of any detour containing the vertex x in G. Hence it follows that x belongs 

131 



w 

H 
G 

Figure 6.2: Graphs G and H 

to every detour hull set of G. Also, since every detour set is a detour hull set, we see 

that each detour extreme vertex belongs to every detour set of G. I 

It is defined in [10] that a vertex ?; in a connected graph G is a detour vertex if 

it belongs to every minimum detour set of G. It is clear that every detour extreme 

vertex is a detour vertex. However, a detour vertex need not be a detour extreme 

vertex. For the graph H in Figure 6.2, the set S = {u,v,w} is the unique detour set 

of H and so ly is a detour vertex of G. Since w lies on an x — y detour in H, w is not 

a detour extreme vertex. It is clear that the set of all end vertices of a nontrivial tree 

is a detour set as well as a detour hull set and so we have the following corollary. 

Corollary 6.6 If T is a tree with k end vertices, then d^iT) = dn{T) = k. 

Proposition 6.7 For a connected graph G of order n, 2 < dh{G) < dn{G) < n. 

Proof. This follows from the fact that every detour set is a detour hull set and any 

detour hull set contains at least 2 vertices. • 
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Proposition 6.8 / / a connected graph G ^ K2 has a full degree vertex v, then v 

is not a detour extreme vertex ofG. 

Proof. Suppose that f is a detour extreme vertex of G. Let n, u' be two vertices such 

that D{u,u') = diamoiG). Let P : u = uo,Ui,... ,Uk = u' be a detour diameteral 

path in G. Then N{u) C V{P) and N{u') C V{P). li u = v or u' = v, say u = v,. 

then P is a Hamiltonian path. Hence the path P together with the edge vu' is a 

Hamiltonian cycle in G and so u G /^[ui, 1/2], which is a contradiction to the fact that 

u is a detour extreme vertex of G. So, assume that u ^ v and u' ^ v. This impUes 

that V e N{u) C V{P), which is again a contradiction. Hence the result follows. I 

Theorem 6.9 For each pair of positive integers r and s, there is a connected graph 

G with r detour extreme vertices each of degree s. 

Proof. If s = 1, then G = Ki^r has the desired properties. Assume that s = 2. For 

each i = 1,2,3, let PJ be a Uj — Vi vertex disjoint paths of order 4. Let Hi be the 

graph obtianed from P^ 's by identifying the vertices ^1,^2,^3 as u and identifying 

the vertices Wi, f2,1^3 as v. Let H2 be the totally disconnected graph Kr on r vertices 

such that Hi and H2 are vertex disjoint. Let G be the graph obtained from Hi and 

H2 by joining each vertex of H2 to both u and v. The graph G is shown in Figure 

6.3. We claim that V{G) - {w} is a detour convex set for each w G V{H2). Let 

w e V{H2). If r = 1 or r = 2, then w ^ lD[x,y] for x,y E V{H2) with w ^ x,y. 

For r > 3, it is clear that D{x, y) = 5 for all x, y G V{H2) and any x — y path which 

contains w with w ^ x,y has length 4. Hence w ^ /D[X, y] for all x, y G V{H2) - {w}. 
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Figure 6.3: G 

Also, we have D{u,v) = 3 and P : u,w,v is the unique u — v path which contains 

w. Thus w ^ ID[U,V\. Let x,y E V{Hi) - {u,v}. If x and y are adjacent, then 

D{x,y) = 5 and any x — y path that contains w has length 4. Also, if x and y are 

nonadjacent, then D{x, y) = 6 or -D(x, y) = 7; and any x — y path that contains w 

has length D{x, y) — 1. Hence it follows that V{G) — {w} is a detour convex set and 

so «; is a detour extreme vertex of G. Thus G has r detour extreme vertices, each of 

degree 2. 

Assume that s > 3. Let M^ be the complete multigraph with V{Ms) = {wi,W2.,.. •, 

Wg} such that there are exactly two edges between every pair of distinct vertices of 

Ms. Subdividing each edges of Mg twice, we obtain a graph 52(Ms). For each pair 

i,j of integers with 1 < i < j < s, let 'Wi,Uiji,Viji,Wj {I = 1,2) be the two Wi — Wj 

path of length 3 in S2{Ms). Let H be the totally disconnected graph on r vertices 

Kr such that S2{Ms) and H are vertex disjoint. Let G be the graph obtained from 

S2{Ms) and H by joining each vertex w oi H to each of the vertices Wi{l < i < s). 

The graph G is shown in Figure 6.4 for s = 3. We show that every vertex of H is 

detour extreme. We prove this for the case when s = 3 only, since the argument for 
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Figure 6.4: G 

s > 4 is similar. Let w E V{H). If r = 1 or r = 2, then it is clear that it; ^ ID[^, V], 

where x,y G V{H) with w ^ x,y. For r > 3, it is clear that any x — y path con

taining the vertex w has length at most 7 for x,y £ V{H) — {w}. Since D{x, y) = 8 

for all x,y e V{H), it follows that w ^ lD[x,y] for all x,y e V{H) - {w}. Also, 

D{uiji,Viji) = 8 and any Uiji — Viji path containing the vertex w is of length at most 

7. Similarly, D{uiji,Vij2) ~ 10 and any u^i — Vĵ ^ path containing the vertex w is of 

length at most 9. Similarly, for the other vertices, it can be easily checked that any 

x — y path containing the vertex w with w j^ x,y is oi length at most D(x, y) — 1. 

Hence it follows that ti; is a detour extreme vertex of G. Thus, G has r detour extreme 

vertices each of degree s. • 

Theorem 6.10 For each pair a, b of integers with 2 < a <b, there is a connected 

graph G with dh{G) = a and dn{G) = b. 
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Proof, li a = b, then Kia has the desired properties. So, assume that a < b. Let 

Gi{^ < i < b — a) he the graph given in Figure 6.5. If b — a = 1, then H = Gi. If 

Hi 
u» * ^ 

Figure 6.5: G, 

b — a > 2, then let H be the graph obtained from the G/ shy identifying the vertices 

Vi, Wj+i(l < i < 6 — a — 1). Let G be the graph obtained from H by adding a — 1 new 

vertices Si, S2, . . . , Sa-i and joining each Si{l < i < a — I) to Vb-a- We show that the 

graph G has the desired properties. Let S = {ui, sj , S2, • •., Sa-i} be the set of end 

vertices of G. Then it is clear that ID[S] = V — {wi,W2, • • • jW^-a} and l1)[S] = V. 

Hence by Proposition 6.5, 5 is a minimum detour hull set of G so that dh{G) = a. 

Now, each Wi{l < i <b — a) lies only on the Xi — Zi, x, — U, yi — ti and y, — Zi detours 

and so Wi is a detour vertex of G. Since S U {wi,W2, • • •, Wb_a} is a detour set of G, 

it follows from Proposition 6.5 that dn{G) = b. • 

Lemma 6.11 Let S be a minimum detour hull set of a connected graph G and let 

u,v E S. If w is a vertex distinct from u and v such that it lies on au — v detour in 

G, then w ^ S. 

Proof. If w e S, then 5 C /^[S - {w}] and hence S - {w} is a detour hull set of 
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G, which is a contradiction to 5 a minimum detour hull set of G. Thus the result 

follows. I 

Theorem 6.12 Let G be a connected graph with a cut vertex v and S a detour 

hull set of G. Then 

(i) Every component of G — v contains an element of S. 

(ii) If S is a minimum detour hull set ofG, then no cut vertex of G belongs to S. 

Proof. (?'). Let C be a component of G — v. Since f is a cut vertex, it is clear that 

V{G) - V{C) is a detour convex set of G. Hence it follows that V{G) r\S ^(j). 

{ii). Let 5" be a minimum detour hull set of G and let Ci ,C2, . . . ,Ck {k > 2) 

be the components of G — v. By (z), we see that V{Ci) D S ^ (j) iov i = l,2,...,k. 

Since v is a cut vertex of G, it follows that v 6 ID[UI,U2], where Ui € V{Ci) H S and 

U2 G V{C2) n S. Now, it follows from Lemma 6.11 that v ^ S. This completes the 

proof. • 

CoroUciry 6.13 IfG is a connected graph having k >2 end-blocks, then dh{G) > k. 

Theorem 6.14 Let G be a connected graph with p end vertices and k end-blocks 

Bi,B2,...,Bk such that \V{Bi)\ > 3 for 1 < i < k. If dh{Bi) = h, then dh{G) > 

P + (EJLI ki) - k. 

Proof. If A; = 0, then by Proposition 6.5, the result follows. If p = 0 and A; = 1, 

then the graph G itself is a block and the result follows. For the remaining cases, 

assume to the contrary that there exists a connected graph G with p end vertices 
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and k end-blocks 81,82, ..• ,Bk such that |I^(5i)| > 3 and dh{Bi) = ki {I < i < k) 

for which dh{G) < p + (X^^ î ki) — k — 1. Then G contains a detour hull set S of 

cardinality p + (52j^^ fc,) — fc — 1. Consequently, at least one of the end-blocks Bi 

contains no more than ki~2 vertices of S. Without loss of generality, let Bi contain 

at most ki -2 vertices of S and let Si = S D V{Bi) U {v}, where v G V{Bi) is the 

cut vertex of G. Then |5i | < kj — 1 and ^i is not a detour hull set of Bi. Hence 

there exists u G V{Bi) such that u ^ I'^[SI]BI for any n > 0. Now, we claim that 

I2)[S] n V{Bi) C I^[Si] for any n > 0. We prove this by induction on n. If n = 0, 

then the claim is obvious. Let x E ID[S] PI V{Bi). If x € 5, then x G ^i C ID[SI]. 

So, assume that x ^ S. We have x G IDIV^Z] for some y,z E S. li x = v, then 

X G 5i and so x G ID[SI]- Let x ^ v. Since Bi is an end-block, it follows that at 

least one of y and z, say y belongs to Bi and so y G 5i. If z G V{Bi), then z E Si 

and so X G ID[SI]. SO, assume that z ^ y ( 5 i ) . Let P he a y — z detour which 

contains the vertex x. Then the y — v subpath Q oi P is ay — v detour in G. Hence 

X G lD[y,v] C ID[SI]. Thus ID[S] n F(Si ) C / D [ 5 I ] . NOW, assume that the result is 

true for n = k. Then I^[S] H V{Bi) C I^[Si]. Let x G /^+^[5] n V{Bi). If x G / | ,[5], 

then by induction hypothesis, x G /I)[-Si], which is a subset of /^"^^[5i], and so we 

are through. So, assume that x ^ loi^]- Then x G loly-iz] for some y, 2 G /|,['S']. 

Since x G l^(Si), as above, we see that at least one of y and z, say y belongs to 

V{Bi). Hence by induction hypothesis, y G ID[SI]- If 2 G V{Bi), then again by 

induction hypothesis, z G ID[SI] and so x G /^"^^[5i]. If z ^ V{Bi), then x G /ofy, w] 

with y G 7^[5i] and v G 5i. Since 5i C I^[Si], we see that X G /^+^[5i]. Thus by 

induction r^[S] f l^(Bi) C I^lSi] for all n > 0. Now, since 5 is a detour hull set of G, 
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there is an integer r > 0 such that r^[S] = V{G). This implies that V{Bi) C /^[5i]. 

Also, since Bi is an end-block of G, it is clear that I^[Si] = ID[SI]BI for all n > 0 

and so I£)[S]BI = ^(-^i)- This is a contradiction to the fact that u ^ ID['SI\BI for any 

n > 0. Hence the result follows. I 

Remark 6.15 The lower bound in Theorem 6.14 is strict. For the graph G in 

Figure 6.6, each of the k end-blocks B, is such that dh{Bi) = 2. Note that a; is a 

detour extreme vertex of G. Since the set S = {ui, U2,. . . , Up, x, u i , f2 , . . . , Vk} is a 

detour hull set, it follows from Proposition 6.5 and Theorem 6.12 that dh{G) — p-|-fc-)-l 

and so the bound in Theorem 6.14 is strict. Also, for the graph H = G — x,^e have 

dh{G) = p+ k and so the lower bound in Theorem 6.14 is sharp. 

Figure 6.6: G 

Theorem 6.16 Let G be a unicyclic graph with the cycle C and k > 1 end vertices. 

k + 1 if exactly one vertex of C has degree > 3 

k otherwise. 

Then 4 ( G ) = < 

Proof. Let S — {«i, •U2, • • •, Wfc} be the set of end vertices of G. For each vertex Uj, 
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there exists a unique vertex Vi in C such that d{ui,Vi) is minimum. If exactly one 

vertex of C has degree > 3, then Vi = V2 = • • • = Vk = v, say. Then it can be easily 

seen that [S]D contains at most the vertex v from C and so 5 is not a detour hull set. 

Let v' be a vertex in C such that v' is adjacent to v. Then /£)[5 U {«'}] = V and so 

it follows from Proposition 6.5 that 5 U {u'} is a minimum detour hull set of G and 

so dh{G) = | 5 | + 1 = A; + 1. Now, assume that C has at least two vertices of degree 

> 3. Since G is unicyclic, it is clear that iDivitVj] C l£)[ui,Uj] for vi ^ Vj. Let P, be 

the Ui — Vi path in G and let Qij be a Wj — Vj detour in G. Then V{Qij) C V{C), and 

for Vi ̂  Vj, Pi together with Qij followed by Pj is aui — Uj detour in G. Now, let x 

be a vertex of G. If x ^ V{G), then x G V{Pi) for some i with I < i < k. Since C 

has at least two vertices of degree > 3, it follows that x G l£)[ui,Uj] for some j with 

1 < ^ 7̂  i < ^- Now, let X G y{C). Let v and u' be vertices in C such that deg{v) > 3 

and deg{v') > 3. Then v = v̂  and v' = Vg for some r,s with 1 < r 7̂  s < fc. If 

X G Qrs, then x G /£)[ur,Us]. Otherwise, x G lD[v',y], where v', y G ^(Qrs) such 

that v' and y are adjacent. Thus we see that x G l])[ur,Us]. Hence it follows from 

Proposition 6.5 that 5 is a minimum detour hull set of G and so dh{G) = \S\ = k. • 

The detour hull number and the detour number 

The following theorem is an immediate consequence of Theorem 1.4L 

Theorem 6.17 If G is a connected graph of order n and detour diameter D, then 

dh{G)<n-D + l. 

We give below a characterization theorem for trees. 
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Theorem 6.18 For every non-trivial tree T of order n and detour diameter D, 

dh{T) = n — D + 1 if only if T is a caterpillar. 

Proof. Let T be any non-trivial tree. Let u, v be two vertices in T such that D{u, v) = 

D and P : u = VQ, Vi, . . . , VD-I, VD = V he & detour diameteral path. Let A; be the 

number of end-vertices of T and / the number of internal vertices of T other than 

VI,V2,...,VD-I. ThenD-l + l + k = n. By Corollary 6.6, dh(T) = k = n-D-l + l. 

Hence dh{T) = n — D + 1 ii and only if / = 0, if and only if all the internal vertices 

of T lie on the detour diameteral path P, if and only if T is a caterpillar. I 

Theorem 6.19 For each triple D, k and n of positive integers with 2 < k < 

n — D + 1 and D > 3, there is a connected graph G of order n, detour diameter D 

and detour hull number k. 

Proof. Let G be the graph obtained from the cycle CD : Ui, U2,.. . , u/j, uj of order 

D by (1) adding k — 1 new vertices Vi,V2, • • • ,Vh-i and joining each vertex Uj(l < 

i < k — 1) to Ui and (2) adding n — D — k + 1 new vertices Wi,W2, •• •,Wn-o-k+i 

and joining each vertex Wi{l <i<n — D — k + 1) to both Ui and U3. The graph G 

has order n and detour diameter D and is shown in Figure 6.7. Now, we show that 

dh{G) = k. Let S = {vi,V2,..., Vk-i} be the set of end vertices of G. It is clear that 

ID[S] = S U {UJ} and Il[S] = ID[S]. Thus [S]D = 5 U {ui} ^ V and so S is not a 

detour hull set of G. Since ID[S U {up}] = V, it follows from Proposition 6.5 that 

S U {UD} is a minimum detour hull set of G so that dh{G) = | 5 | -|-1 = A;. I 

It is proved in [4] that the detour radius and detour diameter of a connected graph 
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Figure 6.7: G 

G satisfy radoiG) < diamD{G) < 2radD{G). It is also proved that every pair a,b of 

positive integers can be realized as the detour radius and detour diameter respectively 

of some connected graph, provided a < b < 2a. We extend this theorem so that the 

detour hull number can be prescribed as well, when a <b <2a. 

Theorem 6.20 For positive integers a, b and k > 2 with a < b < 2a, there exists 

a connected graph G with radD{G) = a,diamD{G) = b and dh{G) = k. 

Proof. If a = 1 and 6 = 2, then G = Kik has the desired properties. So, let a >2. 

Let Ka and Kb_a be the complete graphs of order a and b — a respectively such that 

both are vertex disjoint. Let H be the graph obtained by identifying a vertex v of 

Ka and Ki,_a- Let Hi be the graph obtained from H by adding A; — 1 new vertices 

ui,U2,... ,Uk-i and joining each Ui{l < i < k — 1) to a vertex x ^ v oi Ka- Now, 

if 6 — a = 1, then G be the graph obtained from Hi by adding a new vertex Uk and 

joining it to v; if 6 — a > 2, then G be the graph obtained from Hi by adding a 

new vertex Uk and joining it to a vertex y ^ v oi Kb_a- Then it is clear that the set 

5 = {ui,U2,..., Uk} of end vertices of G is a detour hull set of G and so by Proposition 
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( 

6.5, 4 ( G ) = k. Note that D(y,z) = < 

a — 1 if 2 e ^(-^a) and z ^v, 

a if z = ^^(l <i<k — \), 

b — a — 1 if z E V{Ki)_a) and z ^ Uk, 

b — a ii X — Uk-

Since b < 2a, we have b — a < a. Hence it follows that er){v) = a. Similarly, it 

can be easily seen that e^iui) = 6 for z = 1,2, ...,A; and e/)(a;) = 6 — 1 for all 

X j^v, Ui{l <i<k). Hence it follows that radoiG) = a and daimD{G) = b. • 

A graph G is said to be hypohamiltonian if G does not itself have a Hamiltonian 

cycle but every graph formed by removing a single vertex from G is Hamiltonian. 

Proposition 6.21 If G is a Hamiltonian or hypohamiltonian graph, then dn{G) = 

dh{G) = 2. 

Proof. If G is Hamiltonian, then G has a Hamiltonian cycle C. Then any two 

adjacent vertices in C is a detour set as well as a detour hull set of G and so dn{G) = 

dh{G) = 2. If G is a hypohamiltonian graph, then for any vertex v, G — v has 

a Hamiltonian cycle C : ui,U2, • • •, w„_i,ui, where Ui is adjacent to v. Now, P : 

v,Ui,U2, •.. ,Un-i is a i; — M„_I Hamiltonian path in G. Hence 5 = {v,Un-i} is a 

detour set as well as a detour hull set of G and so dn{G) = dh{G) = 2. • 

Now, we introduce two classes of graphs F and fi given in Figures 6.8 and 6.9, 

respectively, which are used in the proof of Theorem 6.22. 

143 



G j 

Figure 6.8: T 
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Figure 6.9: Q 

Theorem 6.22 If G is a connected graph with diamoiG) < 4, then dn{G) = 

4(G). 

Proof. lidiamD{G) — 1, then G = K2 and so the result follows. Also, iidiarriDiG) = 

2, then G = Ki^n{n > 2) or G = K3 and so dn{G) = dh{G). Now, let diamoiG) = 3. 

If G is a tree, then by Corollary 6.6, dn{G) = dh{G). So, assume that cir{G) > 3, 

where cir{G) denotes the length of a longest cycle in G. Since diamoiG) = 3, it is 

clear that cir{G) = 3 or cir{G) — 4. If cir{G) = 4, then G = C4 or G = C4 + e or 

G = K4 and so the result follows from Proposition 6.21. Let cir{G) = 3. Then the 

graph G reduces to G = ii'i.n-i + e and so it is easily seen that dn{G) = dh{G). Now, 

let diamoiG) = 4. If G is a tree, then the result follows. Assume that G is not a tree. 

Since diam,D{G) = 4, we have cir{G) < 5. If cir{G) = 3, then G belongs to the family 
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r . Hence it follows from Proposition 6.5 and Theorem 6.12 that dn{G) = dh{G) for 

each G in T. Let cir{G) = 4. Then it is clear that G belongs to the family Q,. It 

follows from Proposition 6.5 and Theorem 6.12 that dn{G) = dh{G) for each G in Jl. 

Now, let cir{G) = 5. Since diam£){G) = 4, it follows that order of G is 5 and hence 

G is Hamiltonian. Then it tollows from Proposition 6.21 that dn{G) = dh{G). This 

completes the proof. • 

Theorem 6.23 Let G he a connected graph of order n > 4. Then the following 

are equivalent: 

(i)dh{G) = n-l 

(ii) dn{G) = n — 1 

(Hi) G = Ki^n-i 

Proof. By Theorem 1.42, it is enough to prove that (i) and (ii) are equivalent. Sup

pose that dh{G) = n — 1. Then by Theorem 6.17, diam£){G) < 2 and so it follows 

from Theorem 6.22 that dn{G) = n — 1. Conversely, Suppose that dn{G) = ra — 1. 

Then by Theorem 1.41, diamoiG) < 2 and so it follows from Theorem 6.22 that 

4 ( G ) = rz - 1. I 

Theorem 6.24 Let G be a connected graph of order n > 5. Then the following 

are equivalent: 

(i) dh{G) = n-2 

(ii) dn{G)=n-2 

(Hi) G is a double star or G = Ki,,-} + e 
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Proof. By Theorem 1.43, it is enough to prove that (i) and (ii) are equivalent. Sup

pose that dh{G) = n — 2. Then by Theorem 6.17, diamoiG) < 3 and so it follows 

from Theorem 6.22 that dn{G) = n — 2. Conversely, Suppose that dn(G) = n — 2. 

Then by Theorem 1.41, diam£){G) < 3 and so it follows from Theorem 6.22 that 

4 ( G ) = n - 2. I 

The vertex detour hull number of a graph 

Let G be a connected graph and x a vertex in G. Let 5 be a set of vertices in G 

such that X ^ S. Then S is an x-detour convex set if ID[SY = S. The x-detour 

convex hull of iS, [5]fj is the smallest x-detour convex set containing S. The x-detour 

convex set can also formed from the sequence {J£)['3T}i^ — 0)' where /£)[S']'̂  = 

SJllSY = 7c[5]^ and I^[SY = /i)[/p-^[5]^]^. Prom some term on, this sequence 

must be constant. Let Px be the smallest number such that /£r[5]^ = I^'^^[S]^. 

Then I^[S]'^ is the x-detour convex hull [5]f) of 5. The set S is an x-detour hull set 

ii [S]f) = V — {x} and an x-detour hull set of minimum cardinality is the x-detour hull 

number dhx{G) of G. Any x-detour hull set of cardinality dhx{G) is the minimum 

x-detour hull set or dx-hull set of G. 

For the graph G in Figure 6.10, the minimum vertex detour hull numbers and 

vertex detour numbers are given in Table 2.1. Table 2.1 shows that, for a vertex x, 

the x-detour number and the x-detour hull number of a graph are different. 
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Figure 6.10: G 

Vertex 

X 

y 
z 
u 
V 

w 

Mininium vertex 
detour sets 

ly,w},U,w},[u,w} 
{w} 
[w] 
[w] 

[y,w},{zM,[i*,w} 
{y j j z l j "} 

Minimum vertex detour 
hull srfs 

[w] 
M 
[w] 
[w] 

{x,w},[y,w},[z,w},[u,w] 
{x],{y},{z},W 

Vertex 
detour 
number 

2 
1 
1 
1 
2 
1 

Vertex 
detour hull 

number 
1 
1 
1 
1 
2 
1 

Table 2.1 

It is clear that every minimum x-detour hull set of a connected graph G of order n 

contains at least one vertex and at most n — 1 vertices. Also, since every x-detour 

set is a x-detour hull set, we have the following proposition. 

Proposition 6.25 Let G be a connected graph of order n. Then 1 < dhx{G) < 

dx{G) <n— 1 for every vertex x in G. 

Theorem 6.26 / / a graph G is Hamiltonian or hypohamiltonian of order n, then 

dhx{G) = 1 for every vertex x in G. 

Proof. This follows from the fact that eu(n) = n — 1 for each vertex it in G. • 

Problem 6.27 Characterize graphs G for which dhx{G) = 1 for every vertex x in 

G. 
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Proposition 6.28 Let S be a minimum x-detour hull set of G and let y E S. If z 

is a vertex distinct from y such that z 6 IviyT, then z ^ S. 

Proof. Assume to the contrary, that z E S. Since z e loiyY ^ ID[S — {z}]^, we 

have S C /£)[5 — {z}]^. This implies that S—{z} is an x-detour hull set of G, which is 

a contradiction to 5 a minimum x-detour hull set of G. Hence the result follows. • 

Definition 6.29 Let x be a vertex in a connected graph G. A vertex z 7̂  x is an 

x-detour extreme vertex if 2 ^ loiyT for any vertex y in G with y ^ z. 

Example 6.30 Each end vertex of a graph G other than the vertex x (whether x 

is an end vertex or not) is an x-detour extreme vertex of G. Moreover, each detour 

extreme vertex other than x (whether x is detour extreme or not) is an x-detour 

extreme vertex of G. For the graph G in Figure 6.11, it is clear that z ^ Iniw]^ for all 

w j^ z and so z is an x-detour extreme vertex of G. It is to be noted that z E ID[U, V] 

and so z is not a detour extreme vertex of G. 

-*x 

Figure 6.11: G 

Proposition 6.31 Let G be a connected graph. Then a vertex z in G is detour 

extreme if and only if z is an x-detour extreme vertex for each vertex x ^ z. 
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Proof. Suppose that z is a detour extreme vertex of G. Then z is either an initial 

vertex or a terminal vertex of any detour that contians z. Hence z ^ IDIVT ^'^^ ^^Y 

z ^ x,y. Thus z is an x-detour extreme vertex of G for each x^ z. 

Conversely, suppose that z is an x-detour extreme vertex for each x ^ z. Then 

-z ^ IDIVY for ^^y 2/7^-2 and x ^ z. That is, z ^ lD[x,y\ for any x ^ z and y ^ z. 

This implies that z is a detour extreme vertex of G. • 

Theorem 6.32 Let x he a vertex of a connected graph G. Let S he any x-detour 

hull set of G. Then 

(i) Each x-detour extreme vertex of G helongs to S. 

(ii) If V is a cut vertex of G and C a component of G — v such that x ^ V{C), then 

S n V{C) / (f). 

(in) No cut-vertex of G helongs to any minimum x-detour hull set of G. 

Proof, (i) Let y be an x-detour extreme vertex of G. Then y ^ x. Suppose that 

y ^ S. Then y e /£)[5']'̂  for some A; > 1. Let / be the smallest positive integer such 

that / < A; and y e /o[5]^. Then / > 1 and y ^ lo^iSf. Hence y G /^[z]^ for 

some z e /j^^[5']'^. This implies that y "^ z, which is a contradiction to y an x-detour 

extreme vertex of G. Thus y belongs to every x-detour hull set of G. 

(ii) Suppose that S n V{C) = (j). It is clear that for each y eV - V{G), IDW Q 

V - V{C). Since S n V{C) = </>, it follows that /|,[5]^ CV - V{C) for all A; > 0 and 

so [S]^ 7̂  V, which implies that 5 is not an x-detour hull set of G, a contradiction. 

Thus V{C) nS^(p. 

(iii) Let S be any minimum x-detour hull set of G. Let r; be a cut vertex of G and 
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Ci, C2, . . . , Ck{k > 2) the components oi G - v. li x = v, then by definition, x ^ S. 

Assume that x e V{Ci). By (ii), we have S D ̂ (Ca) j^ (p. Let y e S D ^(Cz). Then 

V G IDIVY ^iid it follows from Proposition 6.28 that v ^ S. • 

Corollary 6.33 Let T be a tree with k end vertices. Then dhx{T) = k — 1 or 

dhx{T) = k according to whether x is an end vertex or not. In fact, if W is the set 

of all end vertices ofT, then W — {x} is the unique minimum x-detour hull set of G. 

Proof. This follows from Theorem 6.32(i) and (iii). • 

Theorem 6.34 For any vertex x in a connected graph G, dh{G) < dhx{G) + 1. 

Proof. First, we claim that for any set 5 C 1/ - [x], / |,[5]^ C /^ [5 U {x}] for all 

A; > 0. We use induction on fc. If /c = 0, then the result is obvious. Let y G ID[SY. 

li y e S, then y G ID[S U {x}]. li y ^ S, then y G ID[Z]'' for some z E S. Since 

ID[ZT = ID[X,Z], we see that y G ID[S U {X}]. Hence IniSf C ID[S U {X}]. NOW, 

assume that Pjy[S]'' C Pjy[SU{x}]. Let y G I^D^{Sf. If y G ID[S]'', then by induction 

hypothesis, y G ID[S U {x}] C l'^^[S U {x}]. liy i lolSf, then y G ID[ZY for 

some z G /j^fS']'̂ . Hence by induction hypothesis, z G /£)[5 U {x}]. Since /^[z]'^ = 

ID[X,Z] and x, 2 G I\)[S yj {x}], we have y G /^^'^[S' U {x}]. Thus by induction, 

ID[SY ^ ^M'S' U {X}] for all A; > 0. Now, let 5 be a minimum x-detour hull set of G. 

Then there exists an integer fc > 0 such that /£,[5]^ = V — {x}. It follows from the 

above claim that I^[S U {x}] = V. Hence S U {x} is a detour hull set of G. Thus 

dh{G)<\S\J{x}\ = \S\ + l = dK{G) + l. • 
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In view of Theorem 6.34, we have the following realization result. 

Theorem 6.35 For each pair of integers a, b with 2 < a < b + 1, there is a 

connected graph G and a vertex x such that dh{G) = a and dhx{G) = b. 

Proof. Let Ce : v\,V2,vz-iVi,v^,VQ^V\ be a cycle of order 6. Let H be the graph 

obtained from Ce by adding the new vertices uj, 1*2, • . . , tta and joining Ua to v^ and 

also Ui,U2, • • • ,Ua-\ to Vi. Let K^^a+i be the totally disconnected graph on 6 — 

a + 1 vertices with the vertex set V{Kb^a+\) = {ŵ i;̂ f̂ 2> • • • 1 w^6-a+i} such that H 

and Kb_a+\ are vertex disjoint. Let G be the graph in Figure 6.12 obtained from 

H and K^-a+i by joining each Wi{l < i < 6 — a + 1) to both Vi and U4. Let 5 ' = 

Wo-l 

Figure 6.12: G 

{ui, U2,. . . , Ua] be the set of end vertices of G. Then Vi E ID[S'] for each i{l < i < 6)-

Since D{v2,V5) = 6, it is clear that Wj € ID[V2,V5] for each j ( l < j < b — a + 1). 

Hence Ij)[S'] = V. Thus, by Proposition 6.5, 5 ' is a minimum detour hull set of 

G so that dh{G) = \S'\ — a. Now, take x = Ua- Then D{x,Ui) = 5 for each 

z(l < i < a - 1) and so Wj ^ loluif for any j ( l < j < b - a + I). Similarly, 
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D{x, Vi) = 6 for i = 3,5 and any x — Vi path that contains Wj{l <j<b — a + \) 

has length 5 and so Wj ^ /D[W3]^ and Wj ^ /^[us]^ for any j{l < j < b — a + 1); and 

D{x,Vi) = 5 for i = 2,6 so that Wj ^ ID[V2]^ and Wj ^ loiveT- Also, D{x,Wi) = 5 

and Wj ^ loiwiY for i 7̂  j and it is clear that Wj ^ /Dbi]"^ and Wj ^ //?[u4]^ for 

any j{l < j < b — a + I). Hence it follows that Wi,W2,.-.,Wb_a+i are x-detour 

extreme vertices of G. Since Ui,U2,. • •, Ma-i are also x-detour extreme vertices of G 

and the set S = {^1,^2,..., Ua-\,Wi,W2,. •., Wb-a+i} is an x-detour hull set of G, 

it follows from Theorem 6.32(i) that 5 is a minimum x-detour hull set of G. Thus 

dhx{G) = \S\ — a — \ -\- b — a + \ = b. This completes the proof. I 

In view of Proposition 6.25, we have the following realization result. 

Theorem 6.36 For each pair a, b of integers with 1 < a < b, there is a connected 

graph G and a vertex x in G such that dhx{G) — a and d^iG) = b. 

Proof. If a = 6, then let G = Ki^a+\- Let x be an end vertex of G. Then G has 

the desired properties. So, assume that a < b. For each i = 1,2,..., 6 — a, let 

Ce,i '• Vi,i,V2,i,V3^i,V4^i,V5^i,VQ^i,vi^i be vertex disjoint cycles of order 6. Let H be the 

graph obtained from the cycles C6,i(l < i < b — a) hy joining the vertices V2,i and 

VQ^i+i for i = 1,2,..., 6 — a — 1. Let G be the graph in Figure 6.13 obtained from H 

by adding a + 1 new vertices x,Mi,U2, • • • ,Ua and joining each Ui{l < i < a) to v^y, 

and X to f2,(6-a)- Let 5 = {ui,U2, • ••,Ug} be the set of end vertices of G. We have 

D{ui,x) = 5 (6-a) + l and/£,[5]^ = V - {x,vi^i,vi^2, • • • ,vi,b-a}- Since vi,j e hivs^iY 

for i = 1,2,... J) — a, it follows that l£,[SY = V - {x} and it follows from Theorem 
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Vib-a 

Figure 6.13: G 

6.32(i) that 5 is a minimum x-detour hull set of G. Thus dhx{G) = a. 

Next, we prove that .dx{G) = b. For i = 1,2,..., 6 — a, it is clear that Vi^i ^ /i3[y]^ 

for any y ^ V{Ce^i). Let Tj = {I'l,^, v^^i, v^^i, Vs,̂ }. Then it is straight forward to verify 

that every x-detour set contains at least one vertex from each Ti and by Theorem 

1.45, dx{G) >a + b — a = b. Since T = 5 U {vi,i, Wi,2, • • •, Vi,b-a} is an x-detour set of 

G, we have dx{G) = b. • 

The following theorem is an immediate consequence of Theorem 1.46. 

Theorem 6.37 For any vertex x in a connected graph G of order n, dhx{G) < 

n-eoix). 

In view of Theorem 6.37, we have the following realization result. 

Theorem 6.38 For integers a, b and n with 1 < a < n — b and b > 3, there is a 

connected graph G of order n and a vertex x such that dhx{G) = a and e£)(x) = b. 

Proof. Let P^ : x = UQ,U\, ... ,Ub = v he & path of length b. Let H be the graph 

obtained from Pb by adding a — 1 new vertices Vi, ^ 2 , . . . , Va-\ and joining each ^^(1 < 

i < a — I) to Ub-i- Let G be the graph in Figure 6.14 obtained from H by adding 
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n — a — b new vertices Wi,W2,..., Wn-a-b and joining each Wi{l <i<n — a — b) to 

both UQ and U2- Then G has order n and e£){x) = b. Also, it is clear that the set 

S = {^1, ^2, • • •, Va-i,ui)} of end vertices is an x-detour hull set of G and so by Theorem 

6.32(i), S is the unique minimum x-detour hull set of G. Hence dhx{G) = | 5 | = a. • 

Vo-i yz 

X = Uo U\ U2 \J^ "& 
"6-1 

Wn-aJj 

Figure 6.14: G 

Theorem 6.39 Let G he a connected graph of order n>2. Then dhx{G) = n — 1 

for every vertex x in G if and only if G = K2. 

Proof. Suppose that G = K2. Then dhx{G) = 1 = n — 1. The converse follows from 

Theorem 6.37. • 

Theorem 6.40 Let G he a connected graph of order n > 3. Then dhx{G) = n — 2 

for every vertex x in G if and only if G = K3. 

Proof. Suppose that G = K^. Then by Theorem 6.26, dhx{G) = 1 = n - 2 for every 

vertex x in G. Conversely, suppose that dhx(G) = n — 2 for every vertex x in G. 

Then by Theorem 6.37, eoix) < 2 for every vertex x in G. It follows from Theorem 
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6.39 that 6/3(x) 7̂  1 for every vertex x in G. Thus eoi^) = 2 for every vertex x 

in G; or the vertex set can be partitioned into Vi and V2 such that e/)(x) = 1 for 

X G 14 and e£)(x) = 2 for x G V2. Thus either rad£,{G) = diam£){G) = 2; or we have 

radj:){G) = 1 and diamoiG) = 2. This imphes that either G = K^ or G = i^i,n_i. 

If G = Ki^n-i, then by Corollary 6.33, dhx{G) = n — 1 for the cut vertex x and 

dhy{G) = n — 2 for any end vertex j / in G, which is a contradiction to the hypothesis. 

Hence G = K3. • 

Theorem 6.41 Let G be a connected graph of order n > 2. Then G = Ki^n-i 

if and only if the vertex set V can be partitoned into two sets Vi and V2 such that 

dhx{G) = n — 1 for x ^V\ and dhy{G) = n — 2 for y € V2. 

Proof. Suppose that G = Xi,„_i. Then dh^iG) = n — 1 for the cut vertex x in G 

and dhy{G) = n — 2 for any end vertex y in G. Conversely, suppose that the vertex 

set V can be partitoned into two sets Vi and V2 such that dhx{G) = n — 1 for x € 14; 

and we have dhy{G) = n ~ 2 ior y £ V2. Then by Theorem 6.37, eo{x) = 1 for each 

X E Vi and e/)(y) = 1 or ejr)(y) = 2 for each y G V2. It follows from Theorem 6.39 

that ejD(y) = 2 for some y G V2. Hence radpiG) = 1 and diam£){G) = 2. Thus 

G = i^i,„_i. • 
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Theorem 6.42 Let G be a connected graph of order n > 5. Then G is a double 

star or G = Ki^n-i + e if and only if the vertex set V can be partitoned into two sets 

Vi and V2 such that dhx{G) = n — 2 for x £V\ and dhy{G) = n — 3 for y € V2. 

Proof. Suppose that G is a double star or G = Ki^n-i + e- Then it follows from 

Theorem 6.32 that dhx{G) = n — 2 or dhx{G) = n — 3 according to whether x is a 

cut vertex of G or not. Conversely, suppose that dhx{G) = n — 2 for x e I4 and 

dhx{G) = n — 3 for x G V2. Then by Theorem 6.37, eD{x) < 3 for every x and so 

diamoiG) < 3. It follows from Theorem 6.39 that G ^ K2 and so diamoiG) > 2. If 

diamoiG) = 2, then G is the star Ki^n-i and by Theorem 6.41, dhx{G) — n — 1 or 

dhx{G) = n — 2 for every vertex x. This is a contradiction to the hypothesis. Now, 

suppose that diamoiG) = 3. If G is a tree, then G is a double star. If G is not a tree, 

then it is clear that 3 < cir{G) < 4, where cir{G) denotes the length of a longest cycle 

in G. We prove that cir{G) — 3. Suppose that cir{G) = 4. Let G4 : Ui,f2,^^3,^4,^i 

be a 4-cycle in G. Since n > 5 and G is connected, there is a vertex x not on G4 

such that X is adjacent to some vertex say, vi of G. Then x,v\,V2.,Vi,Vi is a path 

of length 4 in G and so diamoiG) > 4, which is a contradiction. Thus cir{G) = 3. 

Also, if G contains two or more cycles, then it follows that diam£){G) > 4. Hence G 

contains a unique triangle, say G3 : i'i,i'2,i'3,^i- Since n > 5, at least one vertex of 

G3 has degree at least 3. If there are two or more vertices of G3 having degree at least 

3, then diamoiG) > 4, which is a contradiction. Thus exactly one vertex of G3 has 

degree at least 3 and it follows that G = Ki^n-i + e. This completes the proof. • 
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Detour and vertex detour hull numbers and addi
tion of a pendant edge 

In this section we discuss how the detour hull number and the vertex detour hull 

number of a connected graph are affected by adding a pendant edge to G. Let G' be 

a graph obtained from a connected graph G by adding a pendant edge uv, where u 

is not a vertex of G and t; is a vertex of G. 

Theorem 6.43 / / G' is a graph obtained from a connected graph G by adding a 

pendant edge uv at a vertex v of G, then dh{G) < dh{G') < dh{G) + 1. 

Proof. Let 5 be a minimum detour hull set of G and let 5 ' = 5 U {u}. We show 

that S" is a detour hull set of G'. Let x G V{G'). li x = u, then x G S'. So, assume 

that X G V{G). Then x € / ^ [ 5 ] G for some A; > 0. Since / S [ 5 ] G = / S [ 5 ] G ' for all 

n > 0, we have X G ID[S]G'- Also, since S C S", we see that ID[S]G' Q ID[S']G' 

for all n > 0. Hence x G I^[S']G'- This implies that S' is a detour hull set of G' 

so that 4 (G ' ) < \S'\ = | 5 | + 1 = 4 ( G ) + 1. For the lower bound, let S' be a 

minimum detour hull set of G'. Then it follows from Proposition 6.5 and Theorem 

6.12 that u e S' and V ^ S'. Let 5 = (5 ' - {u}) U {v}. We prove that 5 is a 

detour hull set of G. For this, first we claim that I^[S']G' — {u} C I^ISJG for all 

k > 0. We use induction on k. Since S' — {u} C S, the result is true for A; = 0. Let 

A; = 1 and let x G ID[S']G' - {u}. Then x ^^ u. If x G 5', then x G 5 C ID[S]G-

If X ^ 5', then there exist y,z G S' such that x G /^[y, ^Jc with x ^ y,z. If 

y ^ u and z ^ u, then y,z e S and so lD[y,z]c = /^([y,z]©'- Thus x G ID[S]G-
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Now, let y = u or z = u, say z = u. Since u is a cut vertex of G', it follows that 

X € lD[y,v]G' = lD[y,v]G and hence x G ID[S]G- Assume that the result is true for 

k = l. Then I\J[S']G' - {u} C PJ^[S]G. NOW, let x e I^^^[S']G' - {u}. If x G PD[S']G', 

then by induction hypothesis, we have x e IJJISJG ^ I'^^[S]G- If X ^ I[,[S']G', then 

there exist y,z G I\)[S']G' such that x G /^[y, 2;] '̂ with x ^ y,z. li y ^ u and 

z ^ u, then it follows from induction hypothesis that y,z E Ip[S]G- Also, since 

lD[y,z]G' = lD[y,z]G, we have x G / J^^[5]G. Let y = u 01 z = u, say 2 = u. Then 

y ^ u and so by induction hypothesis, y G /£,[5]G- Since u is a cut vertex of G', it 

follows that X G /£)[y, U]G' = -̂ £)[y,̂ ]̂G- Also, since v E S C / | ) [5 ]G, it follows that 

X e I'^^[S]G- Hence the proof of the claim is complete by induction. Now, since S' is 

a minimum detour hull set of G', there is an integer r > 0 such that I^[S']G' = V{G') 

and it follows from the above claim that I})[S]G = V{G). Thus 5 is a detour hull set 

of G so that 4 ( G ) < l^l = |5 ' | = 4(G"). This completes the proof. I 

Remark 6.44 The bounds for dh{G') in Theorem 6.43 are sharp. Let G' be the 

graph obtained from the graph G in Figure 6.11, by adding a pendant edge at one 

of its end vertices. Then dh{G') = dh{G) = 2. If G' is obtained from G by adding a 

pendant edge at one of its cut vertices, then dh{G') = dh{G) + 1. 

Theorem 6.45 Let G' be a graph obtained from a connected graph G by adding a 

pendant edge uv at a vertex v of G. Then dh{G) = dh{G') if and only if v is a vertex 

of some minimum detour hull set ofG. 

Proof. First, assume that there is a minimum detour hull set 5 of G such that v G 5. 
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Let S' = {S- {v}) U {u}. Then |5 ' | = |5 | . We show that S' is a detour hull set of 

G'. First, we claim that / | , [ 5 ] G C /^+^[5 ' ]G' for all fc > 0. We prove this by using 

induction on k. Let k = 0. Let x E S. If x 7̂  u, then x e S' C II,[S']G'- lix = V, then 

X € IDIVJUIG' Q ID[S']G', where y E S such that y y^ v. Thus 5 C ID[S']G'- Assume 

the result for k = I. Then /{ , [5]G C /^+^[5']G'. Let x G /O+^[5]G- If X e I^D[S]G, then 

by induction hypothesis, x E / { | ^ [5 ' ]G ' C / | ^^ [5 ' ]G ' . If X ^ -^^DI^JG, then there exist 

y, 2 G -?^£)[5']G such that x G /D[J/, 2;]G = Inly, Z]G'- By induction hypothesis, we have 

y,ze I^^\S']G' and so x G I'^^[S']G'. Hence by induction I^[S]G Q I^+^[S']G> for all 

A: > 0. Now, since 5 is a detour hull set of G, there exists an integer r > 0 such that 

/ ^ [ S ] G = V{G) and it follows from the above claim that rj^^[S']G' = V{G'). Thus S' 

is a detour hull set of G so that dh{G') < \S'\ = \S\ = dh{G). The other inequality 

follows from Theorem 6.43. 

Converesly, let dh{G) = dh{G'). Let S' be a minimum detour hull set of G'. 

Then it follows from Proposition 6.5 and Theorem 6.12 that u e S' and v ^ S'. Let 

S = {S' — {u}) U {v}. Then, as in the proof of Theorem 6.43, we can prove that 5 is a 

detour hull set of G. Since | 5 | = \S'\ — dh{G') = dh{G), we see that 5 is a minimum 

detour hull set of G and v E S. This completes the proof. • 

Theorem 6.46 Let G be a connected graph and let x be any vertex in G. If G' is 

a graph obtained from G by adding a pendant edge xu, then dhx{G') = dhx{G) + 1. 

Proof. Let 5 be a minimum x-detour hull set of G and let S' = S U {u}. Then, 

as in Theorem 6.43, it is straight forward to verify that / S I S I G Q I^[S']Q, for all 

n > 0. Since S is an x-detour hull set of G, there is an integer r > 0 such that 
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Fjj[SYa = V{G) - {x} and it is clear that /I,[S']5, = V{G') - {x}. Hence S' is an 

x-detour hull set of G' so that dhx{G') < \S'\ = dhx{G) + 1. Now, suppose that 

dhx{G') < dhx{G) + 1. Let S' be a minimum x-detour hull set of G'. Then, by 

Theorem 6.32, u G S'. Let S = S' - {u}. Then, as in Theorem 6.43, it is straight 

forward to prove that /JjfS"]^, — [u] C /^['S'IG ^̂ "̂  ^^ n > 0. Since S' is an x-detour 

hull set of G\ there is an integer r > 0 such that I'D[S']Q, = V{G') — {x}. Hence 

IhiSfc = ^{G) - [x]. Thus S is an x-detour hull set of G so that (f/i^(G) < | 5 | = 

dhx{G') — 1, which is a contradiction to dhx{G') < dhx{G) + L Hence the result 

follows. • 

Theorem 6.47 Let G' he a graph obtained from a connected graph G by adding a 

pendant edge uv at a vertex vofG. Then dhu{G') = dhy{G). 

Proof. Let iS be a minimum v-detour hull set of G. Then v ^ S. As in Theorem 

6.43, it is straight forward to prove that ID[S]O C /^['S'IG' ^^^ all ra > 0. Since 5 is a 

v-detour hull set of G, there is an integer r > 0 such that /^[S]^ = V{G) — {v}. Now, 

since v e ID[Z]G fo^^ any 2 € 5, it follows that ID[S]Q = V{G') - {u}. Hence 5 is a 

w-detour hull set of G' so that dhu{G') < \S\ = dhy{G). For the other inequality, let T 

be a minimum w-detour hull set of G'. Then u ^T and by Theorem 6.32(iii), v ^T. 

As in Theorem 6.43, it is straight forward to prove that /S[T]^, - {v} C /^[T]^ for 

all n > 0. Since T is a u-detour hull set of G', there is an integer r > 0 such that 

JD[T]G' = ^{G') - {u}. Hence it follows that / | , [ r ] ^ = V{G) - {v} and T is a 

v-detour hull set of G. Thus dK{G) < \T\ = dhu{G'). This complets the proof. • 



Theorem 6.48 Let G be a connected graph and x any vertex of G. Let G' be a 

graph obtained from G by adding a pendant edge uv at a vertex v ^ x of G. Then 

dh:,{G) < dh^{G') < dh^{G) + 1. 

Proof. The proof is similar to that of Theorem 6.43. • 

Theorem 6.49 Let G be a connected graph and x any vertex of G. Let G' be a 

graph obtained from G by adding a pendant edge uv at a vertex v ^ x of G. Then 

dhx{G) — dhx{G') if and only if v belongs to some minimum x-detour hull set of G. 

Proof. The proof is similar to that of Theorem 6.45. • 
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